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Zusammenfassung

Diese Arbeit konzentriert sich auf die Doppelkopie-Relation zwischen Eichtheorien und Gra-
vitation sowie ihrer Anwendung in der klassischen Streuung massiver kompakter Objekte.
Die Doppelkopie-Relation besagt, dass Observable in einer Gravitationstheorie durch “Qua-
drieren” entsprechender Gréflen in einer Eichtheorie abgeleitet werden konnen. Es ermoglicht
die Verwendung moderner Techniken der Eichtheorien, um Probleme wie die Streuung von
Schwarzen Lochern in der Gravitation anzugehen.

Wir betrachten zunéchst die massive skalare Quantenchromodynamik (SQCD) und fithren
die Doppelkopie fiir deren Streuamplituden durch. Aus den resultierenden Amplituden
rekonstruieren wir die effektive Lagrange-Funktion. Diese besteht aus einer Graviationstheorie
gekoppelt an massive Skalare, ein Axion und ein Dilaton. Zusétzlich erzeugt es auch skalare
Selbstwechselwirkungsterme. Der entstehende Lagrangian wird explizit bis zur sechsten
Ordnung von Skalarfeldern konstruiert, und es wird eine Form aller Ordnungen postuliert.

Es folgt die Erforschung der Doppelkopie massiver Punktteilchen, die als klassische Versi-
on der SQCD-Doppelkopie angesehen werden kann. Die Quellen werden durch Weltlinien-
Quantenfeldtheorien formuliert, die mit Yang-Mills, biadjungiertem Skalar und Zwei-Form-
Dilaton-Gravitation gekoppelt sind. Wir schlagen eine Doppelkopievorschrift fiir die eikonalen
Phase vor, die verwendet werden kann, um Observablen wie die Impulsablenkung im Streu-
prozefl abzuleiten und explizit bis zur nichstfithrenden Ordnung (NLO) zu iiberpriifen. Wir
demonstrieren ferner ihre Beziehung zum klassischen Limes der Streuamplituden und erkléren
ihre Erweiterung auf die Bremsstrahlung.

Wir untersuchen ferner die nicht-perturbative Doppelkopie klassischer Losungen. Insbe-
sondere erweitern wir die Kerr-Schild-Abbildung, die es ermoglicht, Losungen der Einstein-
Gleichung aus der Eichtheorie zu erhalten, auf den Fall eines Probeteilchens, das sich im
Kerr-Schild-Hintergrund bewegt. Die Umlaufbahnen einer Testladung im nicht-Abelschen
Coulomb-Hintergrund und auf der Aquatorialebene des rotierenden Kerr-ahnlichen Hinter-
grunds werden analysiert und kategorisiert. Wir finden dariiberhinaus eine neue Doppelkopie
zwischen den erhaltenen Ladungen auf der Eichtheorie und den Gravitationsseiten, die
natiirlich sowohl fiir gebundene als auch fiir ungebundene Zusténde funktioniert.

Schlieflich untersuchen wir die Post-Minkowski’sche (PM) und Post-Newton’sche (PN)
Entwicklungen des gravitativen effektiven Drei-Korper-Potentials. Wir liefern auf 2PM Ebene
ein formelles nicht-lokales Ergebnis und entwickeln es in der Geschwindigkeit. Wir stellen
die Wechselwirkungsterme bis zur Ordnung G?v? wieder her und prisentieren die neuartigen
G?v*-Beitrig auf 3PN Ebene. Um 2PM-Beitriige zu hoherer Ordnung in PN zu erhalten,
berechnen wir eine Familie von 3-Punkt-Integralen aus einem Yangian-Bootstrap-Ansatz.






Abstract

This thesis focuses on the double copy relation between gauge theories and gravity and its
application in the classical scattering of massive compact objects. The double copy relation
states that observables in a gravitational theory can be derived from “squaring” corresponding
quantities in a gauge theory. It allows using modern techniques of gauge theories to tackle
problems such as black hole scattering in gravity.

We first consider massive scalar quantum chromodynamics (SQCD) and perform the
double copy procedure for the scattering amplitudes. We reconstruct the effective Lagrangian
from the resulting amplitudes. It yields a gravitational theory of massive scalars coupled to
gravity, axion, and dilaton. Additionally, it also produces scalar self-interaction terms. The
emerging Lagrangian is constructed explicitly up to the sixth order of scalar fields, and an
all-order form is conjectured.

It is followed by exploring the double copy of massive point particles, which can be seen as
the classical version of the SQCD double copy. The source objects are formulated by worldline
quantum field theories coupled to Yang-Mills, bi-adjoint scalar, and two-form-dilaton-gravity.
We propose a double copy prescription for the eikonal phases, which can be used to derive
observables such as momentum deflection and check it explicitly up to next-to-leading order
(NLO). We demonstrate its relation to the classical limit of scattering amplitudes and explain
its extension to classical radiation.

We also investigate the non-perturbative double copy of classical solutions. Specifically,
we extend the Kerr-Schild mapping, which allows obtaining solutions of the Einstein equation
from that of gauge theory, to the case of a probe particle moving in the Kerr-Schild background.
The orbits of a test charge in non-Abelian Coulomb background and on the equatorial plane
of the spinning Kerr-like background are analyzed and categorized. We also find a new double
copy between the conserved charges on the gauge theory and the gravity sides, which works
naturally for both bound and unbound states.

Additionally, we study the Post-Minkowskian (PM) and Post-Newtonian (PN) expansions
of the gravitational three-body effective potential. We provide a formal non-local result at
2PM and expand it in the slow-motion limit. We recover the interaction terms up to G2v>
and present the novel G2v*-contributions at 3PN. To obtain 2PM contributions to higher
order in PN, we compute a family of 3-point integrals from a Yangian bootstrap approach.
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Chapter 1

Introduction

In our modern understanding of the universe, gauge theory and general relativity play central
roles in formulating physical phenomena. The strong, weak, and electromagnetic forces
are well described by Yang-Mills (YM) gauge theories. They are quantum consistent at
the microscopic level and have made high precision predictions of particle scattering in the
Standard Model, which successfully meet measurements of collision experiments. For instance,
the spontaneous symmetry breaking of the electroweak SU(2) ® U(1) theory predicts the
existence of a Higgs boson, which was found in the Large Hadron Collider at CERN [6, 7].
Gravity, on the other hand, is distinct in the sense that it dominates the long-distance
interaction of macroscopic objects and is modeled in a geometric way by Einstein’s general
relativity (GR). It explains an extensive range of phenomena, such as the formation of the
solar system, the existence of black holes and gravitational waves, and describes the dynamics
of the cosmos. With modern advanced telescopes, the Event Horizon Telescope Collaboration
can directly take pictures of black holes and their vicinity [8]. However, it is well known that
general relativity is incompatible with quantum mechanics in the high-energy (short distance)
limit. Seeking a formulation of quantum gravity remains an open question. It is one of the
most crucial issues in physics.

Despite the apparent distinctions between gauge and gravity theories, there is a surprising
connection between the two classes of theories, known as the double copy relation, which
allows making predictions in gravity directly from gauge theories. Although in this case, one
usually considers some extensions of gravity, usually with some supersymmetries. The double
copy could lead to a novel conceptual understanding of the unification of gauge theory and
gravity and to new technical methods that drastically simplify computations in gravitational
observables.

The gauge/gravity double copy relation simply states that in some sense, gravity theories
can be seen as the squaring of gauge theories, often sketched as!,

(Gravity) ~ (gauge theory) ® (gauge theory).

This is initially discovered for scattering amplitudes in string theory. The tree-level closed
string amplitudes are found to be expressible as a sum over products of gauge-invariant open
string tree amplitudes and a so-called “kernel”, known as the KLT relation after Kawai,
Lewellen, and Tye [9]. In the low energy limit, the open string is reduced to Yang-Mills

'Note that by gravity, we usually refer to some generalizations of Einstein’s gravity with additional massless
fields such as dilaton, B-field, and sometimes with additional symmetries.



CHAPTER 1. INTRODUCTION

theories, and the closed string gives Einstein gravity coupled to a dilaton and an anti-
symmetric B-field, usually referred to as the N’ = 0 supergravity. Hence, the KLT relation
is transferred to the amplitudes of gauge and N’ = 0 gravity. In 2013, Bern, Carrasco, and
Johansson (BCJ) discovered that the double copy was a result of the duality between color
factors and the kinematic numerators [10,11], which says that it is possible to rearrange
the gauge-dependent kinematic numerators to satisfy the same algebraic equations with the
color factors in Yang-Mills theory. One can then simply replace the color factors with the
numerators to obtain the amplitudes in gravity. At tree level, the color-kinematics duality
is strictly proven [12-17], and the double copy holds as a consequence. Although it is not
entirely proven for loop amplitudes, many explicit pieces of evidence exist at the level of
integrands [11,18-38]. For recent reviews on the double copy relation, see, for example [39,40]

Scattering amplitudes have always been at the heart of making predictions from quantum
field theories. However, the traditional approach calculation requires drawing all Feynman
diagrams, the number of which proliferates in the number of external legs and loop order.
Despite the complexity, the final results could be much simpler than the intermediate steps.
For example, the tree-level maximal helicity violating (MHV) all-gluon amplitude fits into
one line given by the Parke-Taylor formula [41]. Exploiting the fact that amplitudes are
gauge-independent and on-shell, modern techniques, such as generalized unitarity, on-shell
recursion, and spinor-helicity formalism, allow to land on the final answers quickly. The
gravitational scatterings are even more complicated compared to YM ones due to the higher-
ranked tensor structures. The double copy thus provides a fast way to amplitudes in gravity
theories, which can be further related to the classical observable of compact astronomical
objects.

Since the LIGO/Virgo detectors observed gravitational waves for the first time in 2015 [42],
astronomy and cosmology research has entered a new era of multi-messengers. The next-
generation detectors require having high precision predictions of gravitational waveforms,
especially for future observatories. The past few years have witnessed the success of using
our knowledge of scattering amplitudes for high-energy particle collisions to higher-order
calculations in the perturbative regime of the two-body problem. For recent reviews, see [40,43].
The connection of quantum amplitudes to classical observables is systematically formulated
in an on-shell method developed by Kosower, Maybee, and O’Connell (KMOC) [44]. They
carefully analyze the length scale in scattering events in the classical limit. Take scattering
binaries as an example. The masses are required to be much larger than the Planck mass
mi, Mo > Mpianck, and the impact parameter should be much larger than the Schwarzschild
radius, which should be larger than the de Broglie wavelength, |b| > 2Gm;/c?> > A. In the
momentum space, the latter is equivalent to requiring the momentum transfer to scale as
the Planck constant |q| ~ &|q|, thus much smaller than the incoming/outgoing momenta
|p| similar to the Regge limit. The classical observables are taken as this classical limit of
the expectation values of the quantum operator evaluated with coherent states, which are
then associated with corresponding amplitudes. The conservative dynamics of binaries are
related to four-point amplitudes of two pairs of massive external legs, and the radiation can
be computed from five-point amplitudes with an additional massless outgoing line.

Recent progress in calculating the dynamics of inspiral binaries in the post-Minkowskian
(PM) regime using amplitude techniques has taken advantage of on-shell methods, the double
copy, and effective field theories. For example, the tree-level gravitational amplitudes are
computed at the third PM order via the double copy of corresponding YM amplitudes [45].
Then the classical limit is taken to discard quantum contributions, drastically simplifying the
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expressions. The tree amplitudes are glued together by the generalized unitarity method,
giving the classical loop-level contributions. After performing the integration using techniques
such as the separation of regions and integration by parts, the results are then matched to
effective field theory Lagrangian, yielding the off-shell potential, which is expected to be
applied to also bound states.

It is worth mentioning that from a conceptual perspective, the double copy also provides
fascinating insights into the gauge invariant and on-shell theory, as well as implicit connections
between superficially distinct theories. The double copy relation goes beyond Yang-Mills
and NV = 0 gravity. The simplest example is the bi-adjoint scalar theory (¢ theory), whose
amplitudes carry two copies of color factors and can be obtained by replacing the kinematic
numerators in the YM amplitudes with the color factors. Hence, it is usually seen as the
zeroth copy of YM theory. Furthermore, since the double copy of bi-adjoint and YM gives YM
theory again, it is often treated as an identity in the double copy construction. Many other
theories can be related by the double copy relations. Suppose one turns on supersymmetries
in the gauge theory side and notices that the two copies of kinematic numerators do not
necessarily come from the same theory. In that case, one can construct many gravity theories
with supersymmetries. For instance, the product of the N' = 0 super YM (pure YM) coupled
to ns adjoint scalars and N' = 4 super YM (N = 4 SYM) yields the N' = 4 supergravity,
and the square of ' = 4 SYM gives N/ = 8 supergravity. The double copy relations are
even applicable to various effective field theories. Some famous cases are: the double copy
of two non-linear sigma models (NLSM) is the special Galileon theory; the product of the
NLSM and the ¢? theory coupled to YM gives the Dirac-Born-Infeld coupled to NLSM; the
product of YM and YM+¢? results in YM theory coupled to N = 0 supergravity [46,47].
The double copy is now understood as a property of many classes of theories. They form
a large web related by sharing common gauge-theory factors [39,40]. Another formulation
of the double copy is given by Cachazo, He, and Yuan (CHY) [48-50]. In this formalism,
tree-level massless amplitudes are computed similarly to string theory - an n-point amplitude
is written as an integral over n punctures on the Riemann sphere, supported by the solutions
to the scattering equations. The double copy is realized simply by taking the product of two
integrands of the single copy theories, making it the integrand of the generated double copy
theory.

Many efforts are also trying to perform the double copy procedure directly at the classical
level. Most notable is the double copy of exact solutions to the equations of motion, first
noticed by Monteiro, O’Connell, and White [51]. The Kerr-Schild type solutions to the
Einstein equation can be related to the single copy solutions of the Maxwell theory. The
simplest example is the correspondence of the Schwarzschild metric and the Coulomb potential.
Less trivially, the Kerr solution is mapped to a particular v Kerr potential in Yang-Mills.
The classical double copy is then further generalized to solutions of Petrov type D and
non-twisting type N, where the Weyl spinors of the solutions can be factorized into products
of Maxwell spinors of solutions of gauge theory, and it is strictly proven using twistorial
techniques [52-56]. Many works follow to develop the classical double copy [57-75].

In this thesis, we focus on the double copy relation between YM and gravity theory,
stressing its application to classical gravitation physics, but we are also interested in getting
effective potential directly in the classical regime. It consists of four main chapters. Chapter
2 investigates the extension of the YM double copy to include massive spinless quantum
scalar fields, the quantum version of the massive compact objects interacting via YM/gravity.
We follow the traditional approach by computing all possible amplitudes up to quartic order
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in the coupling constants (next-to-leading order). We check the color-kinematics duality
explicitly and use double copy to obtain the amplitudes for the gravitational theory. We
match the amplitudes to the proposed Lagrangian up to six-scalar interactions, which couples
two-form-dilaton-gravity to massive scalar fields. We found that the resulting Lagrangian
contains contact terms of the massive scalars, which are short-range interactions and confirms
that they have no contributions to classical physics.

In chapter 3, we take advantage of the recently developed worldline quantum field theory
(WQFT) formalism to examine the double copy at the classical level akin to amplitudes.
WQFT allows for computing classical observables in an efficient diagrammatic way. We
consider the WQFTs of massive (charged) point particles described by a worldline action
coupled to a bi-adjoint scalar, Yang-Mills field, and dilaton-gravity. We establish a classical
double copy relation in these WQFTs for the eikonal phase and the classical observables
(deflection, radiation). The bi-adjoint scalar field theory fixes the locality structure of the
double copy from Yang-Mills to dilaton-gravity. The eikonal scattering phase (or free energy
of the WQFT) is computed to next-to-leading order (NLO) in coupling constants using the
double copy and directly finding complete agreement. We clarify the relation of our approach
to previous studies in the effective field theory formalism. Finally, the equivalence of the
WQFT double copy to the double copy relation of the classical limit of quantum scattering
amplitudes is shown explicitly up to NLO.

In chapter 4, we seek to extend the Kerr-Schild double copy to the case where a test
particle moves in static backgrounds. Establishing a mapping relation between the conserved
quantities in the YM and gravity potentials, we consider two exceptional cases: the non-
spinning Schwarzschild and the equatorial plane of the spinning Kerr background. We
examine the classes of orbits in the YM single copy of these two situations. The trajectories
feature circular, elliptic, plunge, and hyperbolic behaviors, just as the corresponding geodesic
motions at the gravity side. The mapping of the conserved charges allows for recovering the
full geodesic equations from the YM ones. Our double copy mapping naturally works for
both bound and hyperbolic states. By contrast, the scattering double copy works only for
the latter.

Chapter 5 applies worldline effective field theory to the classical three-body problem. We
calculate the integrand of the effective potential up to second order in the post-Minkowskian
expansion. We give formal results by carefully analyzing the separations of the coordinates
of the three bodies and performing integration in each case. In order to better compute the
post-Newtonian (PN) contributions, we perform slow velocity expansion at the integrand
level. The integrals are bootstrapped by exploiting the Yangian symmetry in the dimensional
regularization scheme in 3D. We successfully reproduce the Dirac-Infeld-Hoffmann interaction
term and find agreement with literature at 2PN in the two-body limit. The new G?v-
contributions at 3PN are explicitly presented, and we outline the generalization to G?v?",

1.1 The Double Copy Relation

In this section, we briefly introduce the double copy relation, focusing on the Bern-Carrasco-
Johansson (BCJ) double copy of the amplitudes of the gauge and gravity [10,11]. We will
first consider the pure YM theory with the Lagrangian

1
'CYM = —ZFSVF“V’G, (1.1)



1.1. THE DOUBLE COPY RELATION

where the field strength reads
Ff, = 0,A% — 9,A% —ig f*c A AL, (1.2)

with g being the coupling constant. The generators of the gauge group are normalized such
that

5ab

[Ta’ Tb]ij _ fabCYvic 5

o, Te(TT%) = (1.3)

Note that our structure constant f®¢ is different from the more common convention by a
factor of —i. An n-point L-loop amplitude in D dimensions can be formally written as

L
dPp; cing
(L) _ (;\2L+n—2 j i
A, = (ig) /E S 3 B (1.4)

i€Trivalent

where ¢; are the color factors that are products of structure constants and group generators, n;
are the kinematic numerators which are dependent on the external momenta and polarization
vectors, D; = [, d; are the denominators which are a product of propagators d; ~ p?. S; are
the symmetry factors associated with the diagram, which are trivial for tree amplitudes but
essential to removing overcount of diagrams. It is important to note that the sum is over all
the three-point diagrams. We tear apart diagrams with contact interactions by multiplying
and dividing by certain propagators and we attribute them to trivalent diagrams. Note that
there is no unique way of doing this separation.

The decomposition (1.4) is over-completed because the generators and constant structures
satisfy the Jacobi identity,

fabefcde + fbcefade + fcaefbde =0 (15)
THTY; — THTE = [T, (16)

This leads to the consequence that some of the color factors are related by algebraic equations
Ci—i-Cj—l-Ck:O (1.7)

Due to the over-completeness of the basis, the definition of the kinematic numerators n; in
(1.4) is not unique. The key point of the color-kinematics is that it is possible to rearrange
the numerators n; such that they satisfy exactly the same equations with the corresponding
color factors ¢; [10,11],

n; +n; +ny = 0. (1.8)
This can be achieved by performing the generalized gauge transformations?
ng = n; + A, (1.9)

with the variation A; leaving the amplitude invariant

3 Gl _ g, (1.10)

- SiD;
i€Trivalent

2A usual gauge transformation shift the numerators by replacing the polarization vectors with the momenta,
but a generalized gauge transformation shift the numerators in any possible way as long as (1.10) is satisfied.
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Numerators that satisfy these relations are sometimes referred to as BCJ numerators. With
the color-kinematics duality, we can now simply do the replacement

C; — n; (1.11)

to obtain the emerging amplitude that also satisfies generalized gauge transformation. Since
the power of the polarization is doubled, this is a hint that the resulting amplitude is
for a theory with a tensor field of rank-two, which is the same as the spacetime metric.
Remarkably, we can take two sets of BCJ numerators n; and n; from different gauge theories.
The amplitude of the double copy gravity theory of the two gauge theories is obtained as

(L) —1K 2L+n—2 L dej TLZ"FLi
wo- () [ep 2 5o -

i€Trivalent

where k2 = 327G is the gravitational coupling constant. Since the numerators satisfy the same
algebraic relations as the color factors, we can perform the generalized gauge transformation
of one set of the numerators,

B B B . n A .
R — AL =n;+4;,  with 'E: éd:a (1.13)
i€Trivalent

The new 7 generically will not respect BCJ duality, but the amplitudes will be invariant.
This implies that in practice we do not need to arrange both sets of numerators to satisfy
color-kinematics duality, but only one set is enough. The other could be related to a set of
BCJ numerators by a generalized gauge transformation, just like the above 7). By doing so,
we will drastically simplify the construction. However, we should keep in mind that both
gauge amplitudes should, in principle, respect color-kinematics duality.

The color-kinematics duality at tree level for YM is strictly proven. However, less is
known at loop level, so (1.8) remains a conjecture. It is important to note that for the double
copy at loop levels to work, we have to keep the color factor generic, i.e., not explicitly use
properties such as antisymmetry or other identities specific to the gauge group. Otherwise,
some of the color factors will vanish, and we will lose track of the corresponding numerators.
We will run into a similar problem in 3, where we will avoid the problem by introducing extra
flavors of matters.

We have already seen that the construction gives amplitudes respecting generalized gauge
transformation. Even more crucial is that the emerging amplitude is invariant under linearized
diffeomorphisms, which is a consequence of the gauge-invariance of the two gauge amplitudes.
In order to see this, let us consider a gauge transformation concerning only one external
gluon,

eu(p) — €ulp) + pp- (1.14)
It will be helpful to extract the polarization vector from the numerators
n; = ent, n; = eunt. (1.15)

Since the amplitude is gauge invariant, we have

Ci(pung)
E ——12 =0. 1.16
A S;D; (1.16)
i€Trivalent
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Suppose in the construction (1.12), both sets of numerators satisfy the same equation as the
color factors ¢;. Since the above equation depends only on the generic relations of ¢;, the
following has to be correct,

> ni(puity) _ 3 nipani) _ (1.17)

i€ Trivalent iDi i€ Trivalent S’LDZ
Taking the traceless-transverse gauge, we identify
€uv = €((u€v)) (1.18)

as the polarization tensor of the graviton, where the double brackets denote the symmetric-
traceless part. The linearized diffeomorphism acting on one external leg results in

€ur > €uw T P(uly) (1.19)

where ¢, is an arbitrary auxiliary null vector that satisfies p - ¢ = 0, and the brackets of
the Lorentz indices denote the symmetric part. Under this transformation, the double copy
amplitude becomes

D \L (punt )il - (puntn;
(L) (L) (d p) E Ko €v—qu HTT €v—qu
Mn - Mn i / (27T)LD i€Trivalent SIDZ SlDZ . (120)

Since the Jacobi identities of the numerators do not depend on properties of the polarization
vectors, they must still be valid under the replacement ¢, — q,,

(n@- +n; + nk)’ =0, (7~”LZ + ﬁj + ﬁk) Gy =0. (1.21)

€v—qu

Therefore the last two terms in (1.20) are vanishing, confirming that the double copy
amplitudes are indeed invariant under linearized diffeomorphism and the emerging theory is
a gravity theory.

1.2 Four-point Example

Let us now demonstrate the details of the double copy procedure by taking the four-point
amplitude as an example. We will follow the textbook approach to compute the amplitudes:
we draw all Feynman diagrams and sum over them. We supplement the pure YM Lagrangian
(1.1) with the Feynman gauge condition

1
Lgh = —5(8“AZ)2. (1.22)
This gauge gives canonically normalized propagators

k —i

—_ _ ab
@, b\ 990999909 ~ b,l/ 7]{:2 —|—7;E77MV5 . (1'23)

The three- and four-gluon vertices are

a,
le ke = igfoeviye (1.24)
. 123 >
c,p ‘/ks b,v
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3 4 3 4
3 1 A
9 12 1 ><
) , 9 1

Figure 1.1: Feynman diagrams contributing to the four-point amplitudes.

Cl, ILL b7 /’L
— ig2 [fabefcde (n,upnvcr . n,uo,r]up)
o A e U ) (1.25)
+ fcaefbde (nuonup . nuunpo')].
d, g C,p
where we have defined a shorthand for the kinematic part as
Vll%p = [n“"(kl — k)P + 0P (ka—k3)! + npu(kg—kl)y]. (1.26)

The four-gluon amplitude consists of four diagrams, see figure 1.1. As stated in (1.4), we
express it as a sum over three channels

ASLO) _ _gz(csns 4 CtNit + Cunu>7 (127)

S t U

where s = (p1 + p2)?,t = (p1 + p3)?,u = (p1 + ps4)? are the Mandelstam variables. The color
factors are derived from the Feynman diagrams,

¢y = fobe pede. ¢ = fhee pade, ¢y = feae phde. (1.28)
They are not linearly independent, but satisfy the following Jacobi identity
cs + ¢+ ¢y =0. (1.29)
The numerator in the s-channel reads
ns =—i(er-e2(p1 — p2)’ + 2e1-ka € — 2ex-k1 €)) (e3-€4(p3 — pa), + 2€3-ka€s ) — 2e4-k3 €3 )
—is(€1-€3€9-€4 — €1-€4 €2-€3) (1.30)

where the first line is from the first diagram with YM Feynman rules in figure 1.1. The second
line is due to the fact that we need to attribute the contact interaction, the last diagram in
figure 1.1, to the three channels according to the color factors. To add it to the numerator,
we also need to multiply and divide it by the corresponding Mandelstam variable, which is s
in this case. The other two channels can be simply obtained by relabeling (1,2, 3),

(1.31)

Nt =Msly 49 943 331,55t Nu = Nuly 439 41,352 s—su’

It is straightforward to check that the three numerators satisfy a identity akin to (1.29)

Ng + Ny + 1y = 0. (1.32)

8



1.3. POST-MINKOWSKIAN EXPANSION OF GRAVITY

With this color-kinematics duality, we are now ready to obtain the double copy amplitude
according to (1.12),

2 2 2 2
MO % (n L0 ”u> , (1.33)

We can now explicitly check the linearized diffeomorphism,

MO =0 (1.34)

Eufuﬁp(uqu)

by using on-shell conditions p? =0, €-p = 0 and p-¢ = 0. In order to verify that the resulting
amplitude is indeed for four-graviton scattering, we need to treat general relativity as a low
energy effective field theory and consider the expansion around Minkowskian space time.

1.3 Post-Minkowskian Expansion of Gravity

In this thesis, we are mainly interested in the situation where the interactions are weak so
that we can treat the problem perturbatively. In the case of gravity, we thus expand the
spacetime around flat background. This is referred to as the post-Minkowskian (PM) limit. It
is characterized by Newton’s constant G, or equivalently, the gravitational coupling constant
k = V32w(G. Special relativistic effects are preserved in the Minkowskian background, so
at fixed order in PM expansion, quantities have exact dependence on the velocity. These
properties are similar to those of scattering amplitudes, which implies that we should treat
gravity as an effective field theory and consider its perturbative expansion.
It is well-known that general relativity is governed by the Einstein-Hilbert action

2
Son =~ /d4x\/\g\R, (1.35)

where g = Det(g,, ) is the determinant of the metric. As stated before, in perturbation theory,
we expand the metric around flat spacetime,

G = N + K hyuw, (1.36)

where 1), is the Minkowskian metric. We use the mostly minus signature throughout this
thesis. In quantum gravity nomenclature, h,, is usually referred to as the graviton, which
we will follow this convention hereafter. We can derive the expansion of the inverse metric
and the determinant,

g" = 0" — Kh" 4+ K*hPRY ) 4+ O (KP) (1.37)

1
g = Det(n,,) — kh*, + 5/12 (huwh!™ — h* 07 ) + O (K7) . (1.38)

The indices will be raised and lowered by 7,,. Since general relativity respects gauge
diffeomorphism invariance, we should fix the gauge freedom by including a Faddeev-Popov
term S,y to the action. There are various choices of gauge in the literature. In this chapter,
we will adopt the commonly used de Donder gauge

2
Sf = /d% (ayh”” - ;aﬂhg> . (1.39)

9
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We note that in the case of dilaton gravity in chapter 3, we will use another gauge to
our convenience. Since we are interested merely in classical physics, we do not need to be
concerned about ghosts.

In de Donder gauge, we can derive the Feynman rule of the graviton propagator

) 1
UV AAAAAR p, 0 _ ¢ 11(p,, o)V _ p, po 1.40
[ (77 N7 = > (1.40)

where the parenthesis around Lorentz indices denotes symmetrization with unit weight,
e.g. vt = %(v”w” + vYw#) for arbitrary tensors v*,w#. The weak-field expansion
produces self-interaction terms with arbitrarily many gravitons, which are very lengthy and

cumbersome. For instance, the cubic vertices of three-graviton is given as

n7%

":IT ks = (1.41)

. 1 1 1
K Sym |:_ Zkl 'k277uu77pcr7]ocﬁ + klpklﬁnuunaa - §k10k2u77up77a6 + Zkl'k2nﬂpnuonaﬁ
1 1
+ §k1ak2ﬂ77up77ua + kl'k27]uu77pa7706 + klaklﬂnppnuo - iklpklanw/qaﬂ
+ 2k1pk28N0uMva — k1-k2Nuploansu + k1pkauneansy + permutations (1,2,3) |,

where “Sym” denotes the symmetrization of Lorentz indices associated with the same
graviton, and one needs to consider all possible permutations of all the terms. Counting
all the permutations, there are more than 60 terms in the “simplest” graviton vertex. Let
alone to mention the four-graviton vertex which will be needed in the four-point amplitude.
Many modern techniques, such as on-shell BCFW recursion relation [76], can circumvent the
difficulties. For recent reviews on scattering amplitude calculations, please see [40,77,78].
However, this topic is beyond the scope of this thesis. Fortunately, with the power of modern
computer hardware and software, it is possible to attack the difficult problem with brute
force. For instance, using Mathematica with the zAct package, we can get the four-graviton
amplitude in seconds by adding all the Feynman diagram given in figure 1.1 with gravitational
Feynman rules. It exactly matches the double copy four-point amplitude (1.33). In this simple
example, we can see the power of the double copy - it simplifies the calculation significantly
compared to traditional approaches.

1.4 Post-Newtonian Expansion of Gravity

In the case of massive objects interacting via gravity, we can consider another limit that
breaks special relativity. In this approximation, we recover Newton’s law of gravitation in
the leading order, hence it is called post-Newtonian expansion. It could be understood as a
refinement of the PM expansion - on top of the weak field limit, we also consider the velocity
of the motion to be small compared to the speed of light. In terms of the relativistic velocity
u; of particle 4, it means

ul = (1, %) , (1.42)

10



1.4. POST-NEWTONIAN EXPANSION OF GRAVITY

OPN 1PN 2PN 3PN 4PN

1PM 1 v?2 v v0 v
2PM 1 v? v v
3PM 1 v?2 v

v2

4PM 1

Figure 1.2: The relation between PM and PN expansion.

with v; being the spacial component of the velocity. We have reintroduced the inverse of the
speed of light ¢~! as the counting parameter of PN expansion. Therefore, nPN corresponds
to order O(c—2(147),
This expansion originates from bound binaries, where the third Kepler law, or the virial
theorem, then tells us that
21l ) i
c c 327r
where r is the distance between the two objects with mass mi,meo, and v, is the relative
velocity. In (1.43), we can see the interplay of the PM and PN approximation - the weak-field
coupling constant scales as

K
~ —. 1.44
i (1.44)

Therefore, PN expansion is in fact a double expansion in both the gravitational constant and
velocity of the particles, as illustrated in figure 1.2. The PN approximation also results in a
non-relativistic expansion of the massless scalar propagator in the so-called potential region
w = k¥ < |k|, reads

1 1 > w2a—2
R R Bh e o 149
a=1

Note that we have dropped the ie since it does not matter in the conservative sector, which
will be of our main interest in the PN limit. In coordinate space, the propagator reads

d*k 1 dPk 2 (—1)202%5(t5)
D(zi5) := et = erg N2 2 T I 1.4
)= [ e == [ e PR

where xf; =l — :cz‘ is the difference between two spacetime events, and t;; :=t; — tj,1;j :=
x; — x;j represents the time and spatial components, respectively. We have performed the
energy (w) integral in last equal sign. Hence, with the expression for the D-dimensional

Fourier transform of the momentum space propagator

/de e“” _ 1 FD/Z—QTQOC_D
(27r)D (kQ)O‘ 4axD/2 T, )

(1.47)

and doing integration by parts, in coordinate space, we have

1 5(751 — tj) rij T?j 2 02 —4

with Tij = |I'7;j|.
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1.5 Classical Double Copy

As mentioned at the beginning of this chapter, some exact solutions in YM and general
relativity are related to each other in a double copy construction. The idea was pioneered by
Monteiro, O’Connell, and White [51], who discovered that classical solutions of Kerr-Schild
type in Einstein gravity could be related to some “single copy” solutions of pure gauge theory.
Classical solutions of Kerr-Schild type of Einstein equation in the vacuum admit the following
form

G (T) = G —2GMp(2)k,(2)ky (), (1.49)

where G is Newton’s constant, k,, is null with respect to both the Minkowski metric g, and
the curved metric g,,,, and p(x) is a scalar function.? This type of metric has the advantage
that it linearizes the Ricci tensor. With this decomposition, it can be proven that a gauge
field of the form g

All(z) = —c"p(x)ku(z) (1.50)

is a solution to the equations of motion of YM theory in the vacuum. In (1.50) we use é* to
denote a static charge that acts as a source of the field. However, in this case, if we replace it
with an electric charge, we get a solution to Maxwell’s theory.

The simplest example is the Schwarzschild metric in the Eddington-Finkelstein coordinates

ah(r) = (t,7,0,9),
2GM

r

ds? = (dt® — dr? — r2d0?) — (dt + dr)® (1.51)

with dQ? being the 2-dimensional sphere metric. Comparing it to (1.50), we can identify

o(z) = & K, = (1,1,0,0). (1.52)

a a g c a a
t — Ar = T o — 410 — 07 (153)

which in electromagnetism is nothing but the Coulomb potential. We will refer to this
gauge background as v/Schw in the following since, as we will see, it corresponds to the
Schwarzschild metric in the classical double copy relation.

Another notable solution in general relativity is the Kerr metric with a spinning compact
object as a source. In Kerr-Schild coordinates, we have

3

T rr+ay vy —ar z
- k= (1, : 2. 1.54
() rd 4+ a222 ’ < r2+a2’ r2 442 7‘> ( )

where r is defined implicitly through the following constraints
z? +y? i

r24+a?  r?

r=20 V(z,y,2) € {2 +9* < d?, z=0}, (1.56)

=1 Y(z,y,2) € RB\{z? +9? < a? 2=0} (1.55)

3Note that in this chapter, we will use Juv to denote the Minkowski metric in general coordinates.
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and the magnitude of a is the spin length of the black hole, (z,y, 2) is a set of Cartesian
coordinate. The field is singular on a ring of radius a in the x — y plane. We can directly
write down the single copy v Kerr field

qa_ 9 r3ee ( re+ay ry—azx z)

b A rd i+ 222 r (1.57)

"r24a2’r24+a?’r
Due to the complexity, we do not write down the explicit expression of the Kerr metric, but
one can simply construct it following (1.49).

The Kerr-Schild double copy is a particular case of the Weyl double copy, which applies
to all vacuum type D solutions and non-twisting type N solutions [52,53].* The Weyl double
copy is formulated in spinorial space. Any rank-k tensor can be translated into a rank-2k
spinorial object by employing the symbols affl o

Uy —  VgA = UMO'ZA,, (158)
with A, A" = 1,2 the spinor indices. In the Weyl representation, o', ,, can be written as

1 .
o = E (]]-2><2yo-%><2) y (159)
where o for i = 1,2, 3 are the Pauli matrices. The spinor indices may be raised or lowered
by the 2-dimensional Levi-Civita symbol,

VA = eABvB, B = vAeAB

with es0eP?¢ =65, and e = 1. (1.60)

The bispinor corresponding to the 1-form v, is explicitly

1 vo+vs vl — 11U
r=— . . 1.61
vAA V2 ( v] +1ivy vy — U3 ( )

For higher-rank tensors, the conversion is similar but introduces more ¢# symbols to contract
with all Lorentz indices.

Let us now consider the field strength tensor F},, in Maxwell’s theory, which is the Abelian
version of Yang-Mills field. In the spinorial representation, it corresponds to

Fu = Fanpp = ¢apean + dapean. (1.62)

The decomposition on the right-hand side is due to the anti-symmetry of F},,. The symmetric
quantities ¢pap and ¢ 4/p are the anti-self-dual and self-dual parts, respectively. Maxwell’s
equations are translated to

VAAI ¢AB = 07

- (1.63)
VAA ¢A’B’ - 07

4The Petrov classification specifies the Weyl tensor at a given event based on the degeneracy of its
eigenbivectors (or equivalently, principal null directions). There are precisely six types in total. A type D
Weyl tensor has two double principal null directions, and A type N tensor has one quadruple principal null
direction.

13
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where VA4 = V“af}A/ is the incarnation of the spacetime covariant derivative in the spinor
representation.

It turns out that the quantity corresponding to the field strength tensor F},, on the gravity
side is the Weyl tensor ). Its relation to the Riemann tensor Ry, 0 is

Cu®” = Ry — 48167, (1.64)

where S% is the Schouten tensor given by

1 1
S,uy = 5 (RUV - 6Rguu> ) (165)
with R the Ricci scalar. Translated to spinorial space, the quantity corresponds to the Weyl
tensor is

Cuvpe  — VYapeop €ap €c'pr + VY arpiorpr €AB €CD (1.66)

Similar to the field strength, the ¥ spcp and V4 v are the anti-self-dual and self-dual
parts of the Weyl tensor respectively. ¥ 4pop is usually referred to as the Weyl spinor. The
Bianchi identity of the Riemann tensor gives constraints on the Weyl spinor

VAW 4pep =0,

- (1.67)
VAA WAIB/C/D/ = O-

Comparing (1.63) and (1.67), the similarity between the equations of motion at the electro-
magnetism and the gravity side is apparent.

The Weyl double copy states that from a Maxwell field strength ¢ 45, we can construct a
Weyl spinor

1
Vapep = §¢(AB¢CD)7
(1.68)

Vapop = %QS(A’B’QSC’D’)a
where S is a scalar function playing the same role with the ¢(z) in the Kerr-Schild double
copy. The Weyl tensors constructed this way are naturally of Petrov type D. One may also
try to combine different Maxwell spinors ¢ 45 and QBCD to obtain Weyl spinors of other types,
but its general validity remains unclear.

1.6 Worldline formalism

The worldline formalism is commonly employed as an effective theory to describe the classical

dynamics of some quantum field theory. The most famous case is the worldline description of

massive astronomical objects interacting via gravity, which could be seen as a low-energy

effective theory for the (unknown) UV-complete quantum gravity. It can also describe charged

particles coupled to an electromagnetic field or a non-Abelian gauge field. Here we introduce

the worldline formalism by using particles moving in a gravitational field as an example.
The action can be generally expressed as

S=Sen+ Sy +Y_ S (1.69)
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Sgp is the usual Einstein-Hilbert action (1.35) and Sgf is a Faddeev-Popov gauge-fixing term.
Note that in (1.69) we have included multiple worldlines to allow for interactions. In general,
a point-mass coupled to gravity can be written as a 1-dimensional worldline embedded in
spacetime,

sm:—m/m+@/®mm+W/mM@MM+QQW) (1.70)

with do = /g datda” being the proper time along the worldline, and ##(o) denotes the
velocity defined in terms of the proper time. We omit terms in higher orders of the curvature
and derivatives of x, which account for the interactions that involve extended objects or
spinning effects.

We expect the first term to give rise to the geodesic equation. To see this, let us first
parametrize it with respect to an arbitrary parameter 7,

[ dzrdav
—m/dJ: —m/dT g’“’didi' (1.71)
T dr

The Euler-Lagrange equation yields

o——m( 2 4.9 Y [ defdz¥
a Ozt dr 8%’7—: pv dr dr

daf dx” da”
SN 7 i 2B N (N0 o (1.72)

dze dzd dr dzo dzd
2\/ 90547 "ar \/ 908 47 dr

To simplify this expression we introduce the following change of variable

dA dzo dad
g - . 1.
dr Jos dr dr (1.73)
The equation of motion then reads
d\ [/ d da” Ougpv dz? da”
—m 2 = — ] = - , 1.74
0=my; (dA(g“ dA) 2 dX dA (1.74)
Since mdA/dr # 0, we can drop this factor and get
d?zv 1 da? dz”
=0y —— + = (2 L — D)
0 =9 g3z T 3 Q0 = 0ugr) 3535
d2zv 1 dz?f dz”
I 2 + 9 (Dpguv + Ovgup — Ougpv) DA (1.75)

where in the last equal sign we have used the fact that the second term is symmetric in the
indices p,v. Identifying the Christoffel symbol

1
Fapu = 59(1” (apg;w + augup - 8#91/;)) ) (1'76)

and multiplying the inverse metric g“*, we obtain

A2z dx? dz¥
—_— I, ——=0. 1.77
d)\2 T dX dX ( )
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In fact, from (1.73) we can see that \ is the proper time, thus we confirm that the above
equation derived from the first term of the worldline action (1.70) gives the geodesic equation.

The following two terms given with the Wilson coefficients ¢y in (1.70) will be simply
set to zero, since they can be removed by a field redefinition of h,, when computing gauge-
invariant observables [79]. We note that these two terms may play a role for gauge-dependent
quantities, such as the Schwarzschild metric. After these simplifications, another thing we
can do is to introduce an einbein e(7) to the point mass action,

1 1
Spm = D) /dT <€gm,:'n“;'v” + m26> , (1.78)

where ©# := dz#/dr is the relativistic velocity parametrized by 7. This action enjoys the
advantage that calculations are drastically simplified due to the absence of the square root.
It also displays the gauge freedom of reparametrization of the worldline 7 — 7(7) with
_dzt dz* dT o dr

P il =
& > " T an e(r) — e(T)dT. (1.79)

For massive point particles, the equivalence to the first term of (1.70) can be shown by
solving the equation of motion for e(7),

1 1
— i + m? =0 = e= E,/gwg'cuabm (1.80)

and plugging it back to the action. It is instead more convenient for us to exploit the
reparametrization gauge invariance and set e(7) = 1/m, which implies

Gt =1, (1.81)

and 7 is just the proper time.

Another advantage of introducing the einbein is that now we can describe massless particle
as well. In this case, we do not have proper time any more, but we can choose an affine
parametrization where e(7) is just a constant. For simplicity we can set e(7) = 1, but we
note that e(7) has mass dimension —1.

The worldline formalism will be employed in several chapters in this thesis. Here we just
show the most basic case coupled to Einstein gravity. Chapter 5 will used it to compute
N-body potential in the PM limit. In chapter 3, we will also consider worldlines in more
general backgrounds including dilaton-gravity, bi-adjoint scalar field and Yang-Mills theory.
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Chapter 2

Double Copy of Massive Scalar
QCD

This chapter is based on the published article “Double copy of massive scalar QCD” [1],
in collaboration with Prof. Dr. Jan Plefka and Dr. Tianheng Wang. We will adapt the
conventions for the consistency of this thesis.

To generalize the double copy to include massive particles, we find it natural to start by
investigating amplitudes with massive states. In [80,81], the tree level amplitudes of QCD
with Ny massive spin-1/2 quarks are computed up to next-to-leading order and double copied
to a (QCD)®? gravitational theory. In D = 4, it contains an axion, a dilaton, a graviton
field, various massive scalars, and massive vectors. The relation of the field content can be
expressed as

[ A ® (Ny X ©)]%% = by @ By © 6 (N X [¢© V). (2.1)

The gravitational (QCD)®? Lagrangian is then reconstructed up to the sixth order in scalar
fields by matching a proposed ansatz to the double copy amplitude. The generated Lagrangian
is complicated due to the highly non-trivial interactions between the massless and massive
states. In particular, contact terms among massive fields are founded to be necessary. A
related paper is [82], where they explore the double copy of massive matter with spin s < 2
in general dimensions.

Inspired by the aforementioned work, we choose to study the double copy of massive
scalar QCD (SQCD) to avoid the complexity resulting from taking the square of the spinning
degree of freedom. This can be seen by the simpler matter fields

(A, ® (Nfx )% = hyu ® B @ 6@ (Ny x ). (2.2)

We will then construct an emerging gravitational Lagrangian up to sixth order in the scalar
contact terms by matching the amplitudes. We will also take a field redefinition of the
massive field and write the interaction in an elegant all-order resummed form.

This chapter is organized as the following. We will set up the stage of massive scalar QCD
and work out the needed amplitudes up to next-to-leading order in the coupling constant
in section 2.1. In section 2.2, we will perform the double copy approach to produce the
gravitational amplitudes. The resulting Lagrangian of the scalar-two-form-dilaton-gravity is
extracted from the amplitudes and generalized to all orders in 2.3.
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CHAPTER 2. DOUBLE COPY OF MASSIVE SCALAR QCD

2.1 Amplitudes of Massive Scalar QCD

2.1.1 Basics of SQCD

We consider scalar fields living in the fundamental representations of a gauge group coupled
to gluons. In principle, what is described in this chapter applies to arbitrary gauge group, but
for simplicity, we will use SU(N), which is the case for electroweak (SU(2)) and quantum
chromodynamics (SU(3)) in the standard model. The full Lagrangian reads

Lsqop =LyM + Lgh + Lgcalars (2.3)

where Ly is the standard Yang-Mills Lagrangian (1.1), and we choose the Feynman gauge
as the previous chapter (1.22). Lgca1ar is the massive scalar Lagrangian,

Escalar - Z ((Du(pa,i)TD'u(pa,i - misol7i90a,i>7 (24)

«

where o = 1,2,..., N, labels the flavor of the massive scalar fields and ¢ denotes the color
index. We note that there are no contact interactions of massive scalar fields in this Lagrangian.
The covariant derivative reads

Do = Oppa,i — igAZ]}‘}gpaJ. (2.5)

We can now derive the Feynman rules needed for amplitudes up to the sixth order in the
scalar fields. The pure gluon Feynman rules are given in (1.23), (1.24) and (1.25). From the
scalar Lagrangian (2.4), the couplings of massive scalars with gluons are read off

L
a,p = igTi(p1 — p2)t (2.6)
2;
a, p b,v
2 aTb Tb Ta 77 2.7
=ig” (T3 Ty; + T Tigg )™ (2.7)
2% 1;

Throughout this chapter, external momenta of scalars are taken as incoming.

2.1.2 SQCD Amplitudes

We are now ready to compute the SQCD amplitudes. Since it is well known that the double
copy of pure Yang-Mills theory gives the two-form-dilaton-gravity (N = 0 supergravity),
we will focus on amplitudes involving at least one pair of external scalars. Therefore, the
simplest amplitude is the 3-point amplitude of two massive scalars and one gluon

ALy ) 2a,i,3") = igT €3 - (p1 — p2), (2.8)

where the massive scalar particle and antiparticle are indicated by the under- and over-lines,
respectively, and p; denotes the external momentum of particle 3.
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2.1. AMPLITUDES OF MASSIVE SCALAR QCD

The four-scalar amplitudes can also be straightforwardly obtained. When the two scalar
pairs are of different flavors/masses, the amplitude reads

_ _ . 2 . —
A(la,ja 20,%357% 46,/6) = ZQ2E%E%M- (29)

834
In this chapter, for amplitudes and Feynman diagrams with more than one pair of massive
scalars, we use different colors to denote different flavors. For those with only one scalar-pair,
there is no need to color it. Note that we use s; ; := (pi + ... +pj)2 throughout this section.
When the two pairs of scalars are of the same flavor/mass, the amplitude is obtained from
(2.9) by adding contributions from exchanging particles 2 and 4.

2p3-(p1 —P4))
e 2P IPLTPY )
$34 U=k $14

- - arma 203 (D1 — D2)

ALy 2o Tn) = ig* (TSR (2.10)

In these 4-scalar amplitudes, there are not enough color structures to form Jacobi identities.
The amplitude of two gluons and two scalars is slightly more involved but still straightforward,

(2.11)

_ TaTb . TbTa B abcT-C-n
A(la,ja2a,ig3a’4b) — ig2 (( )’L]nu " ( )Unt N f 7 S) |

S14 — m?x 813 — mi 534
The kinematic numerators are given by

ny = [4(€1 - p1) (€3 - p2) + 2(€3 - €4)(p1 - pa)]
ne = [4(€3 - p1)(€s - p2) + 2(e3 - €4)(p1 - p3)] (2.12)
ns = [4(es - p1)(es - p2) — 4(es - p1)(es - p2) + 2(e3 - €4) p1-(pa — p3)]-

We notice that the color and the kinematic numerators above automatically satisfy the
relations below

(T°T®)5—(T*T*);; = fTE, (2.13)

Ty — Nt = Ng. (2.14)

Hence, the kinematic numerators are in the BCJ-respecting representation and are ready to
be squared in the double copy construction.

Proceeding to the six-point amplitude, we notice that the simplest case is the one with
three external scalar pairs of distinct flavors/masses. The three topologies of the diagrams
that contribute to this amplitude are given in the upper row of figure 2.1. In this case,
the curly lines should be interpreted as gluons. After all the diagrams are summed up, the
amplitude reads

Y - . 4 Cono .4
A(lauja 2a,i7§l[37lv 4ﬁ,ka ) ) = 7’9 + Zg 2
512534556 (5134 - ma) 534556

C134M134

C1567156

+
(s156 — M2) $34556

+ (cyclic[(1,2,a) = (3,4,8) — (5,6,x)] ) |. (2.15)

where the color factors are abridged to

a b e abc
Co = ﬂkalenf ’

c134 = T, Ty TR T (2.16)

mn?
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AR AS
b s

Figure 2.1: Topologies of Feynman diagrams of the 6-scalar amplitude. Curly lines denotes
possible massless propagators.

__ e b b e
c156 = T3 Ty T,

mn?

and the kinematic numerators read

no = (pl - p2)“(p3 o p4>l’(p5 - pG)PV}fiipp2,p3+p47P5+p6’
ni34 = 4p1-(p3 — pa) p2-(ps — pe) + (5134 — m2) (p3 — pa)-(p5 — ps), (2.17)
nis6 = 4p1-(ps — pe) p2- (p3 — pa) + (5156 — m2) (p3 — pa)- (ps — pe).-

The other numerators are gained from cyclic rotations as defined in (2.15). We have
manipulated the kinematic numerators to be dual to the color factors,

Co = C134 — C156 Ny = N134 — N156 - (2.18)

For the cases where the flavors are not all distinguished, more diagrams and the symmetry
factors associated with the diagrams need to be taken care of. In the end, the additional
contributions are obtained by permutations of (1 — 3 — 5), similarly to the four-point
amplitude. The other numerators are likewise constructed.

2.2 The Double Copy of Massive Scalar QCD Amplitudes

We then follow the standard BCJ procedure described in chapter 1 to perform the double
copy procedure of the amplitudes. We first identify the degrees of freedom of the resulting
theory. Their associated polarization tensors are identified with the tensor products of the
gluon polarization vectors in the following ways,

graviton (eh)ffy = eEL(ie,{)), (2.19)

B-field : (eB)le, = egef;, (2.20)
€l ef;é--

dilaton : (%), = L 2.21

(€Y = 12 2:21)

where the double parenthesis denotes taking the symmetric-traceless part of the tensor
product, and the square bracket refers to anti-symmetrization. Note that the superscripts
i,7=1,2,...(D — 2) are not related to the color group as in (2.4), but are the little group
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2.2. THE DOUBLE COPY OF MASSIVE SCALAR QCD AMPLITUDES

indices.! The dilaton accounts for the trace of the tensor product hence the 7, j indices are
contracted with §;;2. It is written as a rank-2 tensor state in (2.21), although we know that
the dilaton is actually a scalar. To illustrate this, we can further simplify the identification as

() (p,q) = Dl_2 <—mw + W) , (2.22)
where p is the momentum associated with the external particle, and ¢ is an arbitrary reference
null-vector. We see that there is no dependence on the polarization vectors.

Focusing only on the scattering processes that involve at least one pair of massive scalars,
we now present all the relevant double copy results up to 4-point as well as the 6-scalar
amplitude. The simplest case on the YM side is the 3-point amplitude (2.8) with two scalars
and one gluon. Its double copy gives two different amplitudes,

M(L,2,3p,) = ir(eh)wpivh, (2.23)
: 2
— 1KMm
M(1,2,34) = ———. 2.24
(1,2,34) 55 (2.24)

Because of our choice of conventions (1.4) and (1.12), the relation between the coupling
constants is ig — —ik/4 in the double copy procedure. The amplitude vanishes when the
polarization is anti-symmetrized, so the external massless state cannot be a B-field. This
applies to any amplitude that involves an odd number of B-fields. Therefore we will only
write down the non-vanishing ones.

Of the 4-point amplitudes with two massive scalar and two gluons, the double copy gives
richer outcomes. All the distinct resulting amplitudes are

_ , 1
M(L,2,34,4p,) =ik () (€1) por [334 (slgp’fp‘z” 0" + suapphn”7— pipi i3 — pipTrhps

1 pipihps  pipphph
Ol 4 = upua>_1122_1122, 92.95
T 2P1P1P2P2 81351411 55— m?  spg— m? (2.25)
- 2.2/ h Mo v Mo v ", v
_ k*me(e})
M(l7273¢74h) — ( 4)H <p3p3 4 plpl 5 + p2p2 2) , (226)
D -2 S34 S14 —Mm §13—m
. 9 . 9 4 4
5 ik*(p1 - p3)(p1 - Pa) (2 m m 2
M(L,2,34,44) = - , 2.27
(7 ¢ ¢) S34 D -2 313—m2+814—m2+m ( )
5} il{éQ B B w v _p o p U _vo
M(1,2,3p,4B) = (€3)uv(€5)por <2P1P2p1p2 — 2(p1-p3)Piphn
— 2(p1-pa)piPon”° — (pl-ps)(prm)n“”n”")- (2.28)

The SQCD 4-scalar amplitudes, with the two pairs of particles being of distinct flavor, (2.9)

is double-copied to
M(Ly,20,35,35) = — 152(534 _ W)

2.29
16 S34 ( )

In Wigner’s classification of particles, a little group is a subgroup of the Poincaré group which leave
the momentum invariant. In four-dimensional Minkowskian spacetime, it’s SO(3) and E(2) for massive and
massless particles, respectively.

*We assume that the polarization vectors are on a Cartesian basis. In other bases, §;; should be expressed
in that specific basis accordingly. For example, in D = 4, in terms of the helicity eigenstates, the external
dilaton is (e e, + ey ef)/V2.
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CHAPTER 2. DOUBLE COPY OF MASSIVE SCALAR QCD

Similarly, in the case where the particles are of the same flavour, the double copy of the
4-scalar amplitude (2.10) yields

_ — . S + s . . . .
M1, 20,8, 0,) = —in2( 3B 534 _ PL-P3P2-Ps _ P1-P3P3 P4 (2.30)
16 534 523

The 6-scalar amplitude is also directly gained from (2.15),

_ _ K4 n2 pe n2
1. :.20:,35:,4 —g 0 s 134
Moo 23 4k S ) "256 512534556 956 (s134 — m2) 834856
2
156 .
+ + (cyclic[(1,2,a) — (3,4,8) — (5,6, } 2.31
(5156 —™M32) 534556 (y ( ) = B) = ( )]) ( )

where the numerators are again given by (2.17).

2.3 Two-Form-Dilaton-Gravity with Massive Scalars

2.3.1 Action and Feynman Rules

Our starting point is the Lagrangian of the two-form-dilaton-gravity,

2 D-2 1 _ }
Lagg = V| I[— SR+ 59" 0,00, + e 250 Hy HM | (2.32)

where Hy,, = 0,B,, is the field-strength associated to the two-form and R the Ricci
scalar. The interactions involving massive scalars may now be extracted from the amplitudes
computed above. In fact, we found that the minimal coupling of massive scalars and gravity
reproduces the 2-massive-1-graviton amplitude (2.23) and the 2-massive-2-graviton amplitude
(2.25). Tt is straightforward to extend the graviton couplings to higher orders,

Lmatter :\/mz <Q”V8ugogaysoa - mzsf’lﬁpa) . (233)

From the 4-point order, we can get all other interaction terms up to quadratic order in k.
The 6-scalar amplitude gives us the 6-scalar contact term. In the end, we find the following
Lagrangian from the double copy

Loe = Laag + V191D [g“”awiy@uwa —mae "ol pa
(7

+ (g;sOL% - ;;(wlsoa)Q) D@“(Z@E‘Pﬁ)} (2:34)
5

where D,, is the covariant derivative with the normal Levi-Civita connection. It is required
by the covariance of the Lagrangian. The dilaton propagator from (2.32) is

,,,,,,,, - Do (2.35)

The graviton propagator and pure-graviton vertices are given in section 1.3. We do not need
the propagator of the B-field. Since the kinetic term of dilaton is non-canonical, we also
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2.3. TWO-FORM-DILATON-GRAVITY WITH MASSIVE SCALARS

need to dress each external dilaton by a factor 1/4/D — 2. The dimension dependence of the
propagators of dilaton and graviton will cancel each other in pure massive scalar amplitudes
as expected from the SQCD side.

As introduced in chapter 1, in the weak-field approximation, we expand the metric as
9w = N + khy,,. This yields the couplings of graviton and dilatons,

D-2
Ky § ky = —ik (k1-kan™ — 2K'KE) , (2.36)

as well as the vertices of gravitons coupled to massive scalars are

1
v = —in (1 2y — plp?) 2.37
Vo= 5 (P1-p2 +m7) = pi"p (2.37)
2
W 77 o)+ Ty — 2p Py — 2plta) ) (2.38)
1
wlp o)y _ 2 v, po

(m +p1- p2>(77 n 277 Ul )},

i = U ot ) (a4 =208+ DS p)]. (239

Note that the last vertex involves two different pairs of scalars in blue and red respectively.
For the vertex with two pairs of identical scalars and a graviton, we simply take (2.39) and
add another contribution by exchanging labels 2 and 4. The vertices of massive scalars
coupled to one or two gravitons deduced from (2.34) are,

1
————— = ikm?, (2.40)
2
3 4
}/\/\ = —ik®m?2. (2.41)
2 1
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The four-point vertex of a pair of massive scalar, a dilaton and a graviton is also derived
from (2.34),

(2.42)

2.3.2 Matching to Double Copy Amplitude

Let us now explain the extraction of each contact term in (2.34). We first make an ansatz on
how the dilaton couples to massive scalars. It is also known that the dilaton appears as an
exponent when coupled to other fields,

Logte = Vgl (eA“%"”@uwiausoa - miec””%l,%) , (2.43)

whose leading term in s gives the canonical kinetic and mass terms. We can compute the
3-point amplitude of two matter fields and a dilaton,

M(1,§,3¢) = M

1 = (2.44)

Matching to the double copy result (2.24), we have A\ — { = 1. The 2-massive-2-dilaton
amplitude from double copy (2.27) subtracted by all Feynman diagrams that contain only
cubic vertices yields the diagram that comes from the contact term,

N , —'i/iz

<m2(1 +2X¢ — 2)0?) + 12334> . (2.45)

We can also calculate this diagram directly from Feynman rules of the 4-point contact term,
2

—1iK

2

<m2(¢2 -2\ + 22534) : (2.46)

Comparing the above formulae, (2.45) and (2.46), we have two equations of A and {. Together
with A — ( = 1, we find the solution,

A=0, (=-L (2.47)

We also verified that (2.43) gives the correct 4-point amplitude of 2 massive scalars, 1 dilaton
and 1 graviton, of (2.26). As for the 2 massive scalar and 2 B-field scattering, we compute
the amplitude from the perturbative Lagrangian (2.34). It coincides with (2.28), so there is
no direct coupling of the B-field and massive scalars at least at 3- and 4-point levels.

We now proceed to consider the interactions among the massive scalars. These will be
presented in more detail since it is this chapter’s main result. The amplitude of 2 pairs of
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massive scalars of different flavors contains contributions from the following diagrams,

3 4
S (2.48)
! (D —2)s34”
2 1
3 4
_ m2< mim?3 L P1pspo ‘p3> (2.49)
(D — 2)834 534
2 1

In order to match the double copy amplitude (2.29), a 4-scalar contact term is required,

3 4
= —ir?22, (2.50)

2 1

A similar calculation applies to the 4-scalar amplitude, where all massive scalars are of the
same flavor. We only need to add the contribution by exchanging p; and ps. The contact
term will be

3 4
. 9834+ S14

= —iR ———. 2.51
iK 16 (2.51)

2 1

In summary, the 4-scalar interaction term can be extracted as
2
K

Lot = VoI35 0h0aDuD" (0h05)- (2.52)

The 6-scalar contact term is computed in the same way. For simplicity, the 3 pairs of scalars
are taken to be of different flavors. Cases where two or three pairs of scalar are of the same
flavor can be gained by simply exchanging the external particles. We match the amplitude
computed from summing all Feynman diagrams to the double copy result. All the diagrams,
except for the one from the 6-scalar interaction, are categorized into the six structures in fig.
2.1. Subtracting every diagram that falls into either category in fig. 2.1 from the double copy
amplitude will give us the 6-scalar contact term,

4 5

ikt
3 6 = 956 (s12 + 34 + S56) - (2.53)

25



CHAPTER 2. DOUBLE COPY OF MASSIVE SCALAR QCD

The corresponding interaction will be

4
Ly =—V/1g] 512(9@2%)2%17“(902%)- (2.54)

We now have calculated every term in (2.34).

2.4 Further details on the Double Copy Action

The established higher-order terms in the action (2.34) do look somewhat non-standard with

the double derivative D¥D,, appearing. We would now like to unify them with the kinetic

and mass term in (2.34) by performing a suitable field redefinition.® To this end, we consider

the shift ) .
K

t K T2
Pa = Yot 5o0a (9508) + 155, Pa (9598) (2.55)

that transforms the matter part of the Lagrangian (2.34) into

y k K2 3k
»CDCrnatter = \/@ (g,u 8#‘»0&81/@04 m € ¢90L§004> <1 + — 16 (9029%) 1024 (@Tﬁwﬂ) + O(K6)> :
(2.56)

This action after the field redefinitions and the previous one (2.34) have identical scattering
amplitudes?. This form of the action suggests itself to an attractive resummation into the
compact form

o+ m e Kl
Lpc = Laag + V]9 0uiphd" Po ~ pafa (2.57)

+ 2
(1 2805@6)

with L,ge the two-form-dilaton-gravity theory of (2.32). Note that in 4D upon dualizing the
two-form to an axion y via dy = %62’“75 x dB the axio-dilaton system displays a striking
similarity to the massive flavored scalar Lagrangian above. In 4D the double copy of scalar
QCD takes the form

g 8 ZO*Z 0 L@“ a—mie‘“¢ L o

877 2 2
(-g22y (1 - %2902%)

Here the complex scalar field Z is built from the dilaton ¢ and axion x as

P 2Kx + i(e™r —1)
kKX Fi(er? 4 1)

(2.59)

enjoys an SL(2, R) symmetry (see e.g. [83]). We note in closing that such a symmetry is also
present in the scalar sector for the massless Ny = 1 case.

In conclusion, we explicitly constructed the double copy of scalar QCD in arbitrary
dimensions resulting in an extension of the established two-form-dilaton gravity model

3We thank Alexander Ochirov for crucial discussions on this point.
4For this the asymptotic equivalence of the two fields o and @), = po + 6@ is required, i.e. it suffices if
0pq is higher order in fields (and couplings).
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(“N = 0 supergravity”) by interacting massive flavored scalars displaying self-interactions to
arbitrary quadratic field orders. These self-interaction terms are short-range contact terms
and hence have no contributions to classical physics. Additionally, we found no coupling of
the flavored scalars to the two-form, i.e. axion in 4 dimensions, as is commonly expected,
yet not proven. We thus confirm that that at the classical level, it is sufficient to consider
massive particles coupled minimally to the dilaton gravity as the resulting consistent theory
of double copy of the classical version of scalar QCD, at least up to next-to-leading order.

The simple form of the proposed double copy Lagrangian (2.57) suggests that it might be
constrained by some underlying symmetries. It is not clear to us how to find these possible
constraints. To obtain a completed double copy theory, one has to go beyond perturbation
theory as we did in this chapter. This is very challenging and to the best of our knowledge,
this is no known method to do so at present.
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Chapter 3

Classical Double Copy of Worldline
QFT

This chapter is based o n the published article “Classical Double Copy of Worldline Quantum
Field Theory” [2], written in collaboration with Prof. Dr. Jan Plefka.

Following the quantum story of the double copy of massive particles, we would like to
explore the possibility of bypassing the quantum theory and directly performing double copy
procedure at the classical level. The worldline formalism has been employed for years as
an effective theory to describe classical massive particles coupled to gravity, such as black
holes and neutron stars. Moreover, it is known that the quantization of worldlines describes
quantum states in corresponding quantum field theory. Recently, Mogull et al. used a
worldline quantum field theory to model classical gravitational scattering of two massive black
holes. In WQFT, physical quantities are calculated as expectation values of corresponding
operators rather than solving equations of motions, and it is found to be directly linked to
the S-matrix elements in quantum theory of massive quarks. This connection suggests that at
the classical level, it is expected that the double copy can be realized for physical quantities
which are gauge-independent and on-shell akin to quantum scattering amplitudes. In practice,
physical observables are efficiently computed by summing up all Feynman diagrams, which is
another similarity to amplitudes.

The WQFT was originally developed to describe and simplify calculations of massive
particles interacting via pure Einstein gravity. To investigate the classical double copy, we
extend the formalism by considering massive (colored) point particles coupled to a bi-adjoint
scalar, Yang-Mills field, and dilaton gravity. The bi-adjoint scalar theory is required to restore
the locality structure, as explained in the following sections. We establish a prescription of a
perturbative classical double copy of these three theories. We also illustrate the validity of
the double copy by calculating the eikonal phase up to subleading order in all three theories.
Their connection to scattering amplitudes is clear and is shown explicitly at next-to-leading
order. For simplicity, we will focus on the D = 4 case in this chapter.

We will first briefly introduce the framework of worldline quantum field theory in sec-
tion 3.1, focusing on three specific models where massive objects coupled to a bi-adjoint scalar,
Yang-Mills field, and dilaton gravity, respectively. We will explain in detail how to calculate
observables in WQFT and presents the necessary Feynman rules. It is followed by section 3.2,
where we show the double copy of the eikonal phase up to subleading order in the coupling
constants. The relation of radiation and the eikonal double copy is discussed in section 3.3.
We further reveal the relationship of the WQFT and amplitude double copy, building upon

29



CHAPTER 3. CLASSICAL DOUBLE COPY OF WORLDLINE QFT

the connection between eikonal approximation and the classical limit of scattering amplitude
in section 3.4.

3.1 Basics of Worldline Quantum Field Theory

As an introduction to the basic ideas on WQFT, we first consider the theory of massive
scalars coupled minimally to pure gravity. This theory successfully describes the scattering
of two non-spinning black holes up to order O(G?) [84-89)].

We take the standard worldline-gravity action (1.69) and adopt the de Donder gauge
(1.39). Setting the einbein as e(7) = 1/m, the worldline action (1.78) becomes

m

Spm = B dr (guatas” +1). (3.1)
We expand the metric around Minkowskian spacetime as usual. Additionally, we consider
the worldline to have a small deviation from a straight-line trajectory,

ah (1) = b + ot + 2H(7), (3.2)

where b is a constant vector which will be later related to the impact parameter, v* is the
velocity of the background straight-line orbit with v? = 1. We take b-v = 0 which may
always be achieved upon shifting 7. This straight-line expansion is only valid for unbound
orbits, and we are thus limited to the scattering process. We note that it is consistent with
the small momentum exchange limit, which is essentially equivalent to the classical limit of
scattering amplitude. In principle, the background trajectory can be defined at arbitrary
reference time 7y as long as the perturbation field satisfies

M) =0, () =0. (3.3)

However, for our convenience, we usually choose to define it in the past infinity (79 = —00).
In this case, the straight line coincides with the exact trajectory in the past infinity. Recently,
it has been realized that this setting corresponds to the “in-in” formalism that naturally
arises when one derives classical observables from scattering amplitudes [44]. This condition
also induces us to use retarded propagators to compute physical quantities.

In WQFT, we treat the perturbation of the metric and the worldline with an equal footing.
Practically, we will integrate out the fluctuations h,, and z* with the path integral formalism
to arrive at the observables that depend only on the background parameters. As stated before,
physical quantities are computed as the expectation values of the corresponding operators.
In the path integral, we can express the expectation value of an operator O as

/ Dlhu HD O ePSwarT (3.4)

ZWQFT

where we have included multiple numbers of worldlines denoted by index i. Zwqpr is the
partition function,

Zwarr = [ Dlb) [[ Dlaleisvar. (3.5)
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In the binary case (i = 1,2), it turns out that the eikonal phase x may be identified with the
logarithm of the partition function,

X = —iln Zwqrr. (3.6)

The momentum deflection of a particle Ap!' can be calculated by taking the derivative of the
eikonal with respect to the impact parameter b'. Here we claim that this relation holds for
an arbitrary number of worldlines. The proof is easily done in the path integral. We consider
the derivative of In Zwqpr with respect to b,

OlnZwqrr  / OSwqrr\ / teo /OLpm
T _<_ b’ >__ T Bt ) (3.7

—00

where in the last step we exploit the fact that in the full action bf only appears as the
7-independent background of z!'(7) in the point particle action Spm = [ d7Lpm, where Ly,
is the Lagrangian. As the expectation value of the equation of motion for z(7) vanishes,
using the Euler-Lagrange equations, we can rewrite eq. (3.7) as

.0In Zwqrt oo d OLpm Joo

WYL dr { — =22\ = (pea , 3.8

o /oo "\ar aif il o (3:8)
where pff, = —0Lpm /9! is the canonical momentum conjugated to z*. Since we are studying

a scattering process, we may assume that the point particles are so far separated that the
interaction terms vanish in the past and future infinity. In this case p;, reduces to the
kinematic momentum m;z!’, so we have

ia In Zwqrt
i,

We therefore conclude that the eikonal is equivalent to the partition function in the sense
that they both derive the momentum deflection by taking the derivative with respect to the
impact parameter.

In practice, we compute the Feynman diagrams contributing to the expectation values.
The Feynman rule for fields in the bulk is the same as in pure gravity. To extract the
propagator of the worldline fluctuation z(7), we plug the weak field and worldline expansion
(3.2) into (3.1). The terms independent of h,, reads

miAit = (3.9)

55%2—5 de2:—2/dT (2+20- + 22) . (3.10)
The first term in the bracket is just a constant, and the second is a boundary term, so they
are negligible. The third term is the kinetic term of z(7), from which we can read off the
propagator
W i

Since we are in the classical regime, we only care about tree diagrams and no ghosts are
needed. It is more natural to work in the momentum space to describe the interaction of
graviton and deflection,

hw(z) = [ €®%h,,(—k),
' /’“ ' (3.12)

(r) = /w )
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For convenience, we use the integral shorthands,

/ / / /27r4’ (3.13)

5(w) := 278 (w), = (2m)* 6@ (kM)

to avoid proliferation of the 27 factors. We will leave the calculation details when we talk
about the specific models we need in this chapter. Since the deviation from the straight line
is implicitly in higher-order in G, when evaluated on the worldline, the graviton field can be
further expanded,

h,ul,(ﬂj(T)) _ /eik-(b+v7+z(7))huy(_k) _ § Z'/ez'k~(b+m')(k . Z(T))nhw/(—k?)
n. Jr
n=0

k

= Z ol A (Hk-z(—wo) iy (—F).
W1 eee W i=1

This produces infinitely many linear interactions in h,,, collectively written as

zkbg k - “+Zwl> o k)(ﬁzﬂi(_wi))

(3.14)

[ <Hkpz>v“v +sz<Hk ) (“5 —i—Zwle(Hkpl) ], (3.15)

1=1 j#i 1<j I#1,j

where we have integrated out 7 to bring it fully to momentum space.

3.1.1 WQFT of Bi-adjoint scalar, Yang-Mills and Dilaton Gravity

In addition to the worldline coupled to Einstein gravity, we also wish to apply the WQFT
formalism to massive point particles coupled to the bi-adjoint scalar field theory (BS), Yang-
Mills theory (YM), and dilaton-gravity (DG). The actions can be uniformly written in a
compact form,

SwqQrT = SBs/yM/DG T Z Séz/pc/pm, (3.16)

where Sps/ym/pa is the respective field theory action and Séc)/pc Jpm the respective i’th
particle worldline action.

Let us first look at the field theory actions. The Yang-Mills action is the same as given in
(1.1) with Feynman gauge (1.22). The gluon propagator is given in (1.23) and the three- and
four-gluon vertices are (1.24) and (1.25), respectively. These are all the Feynman rules of
YM field theory that we need in this chapter.

The action of bi-adjoint scalar theory is
1 A abe Fabé
Spg= / d*z (2 (0,9 —% fabe fab %a(pbggﬁc@) (3.17)

where ¢q5(x) is the bi-adjoint scalar field carrying two distinct color indices a and a related
to the color and dual-color gauge groups, respectively, and y is the coupling constant. fe¢
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3.1. BASICS OF WORLDLINE QUANTUM FIELD THEORY

and fai)a are corresponding structure constants. We can easily deduce the Feynman rules in
the bi-adjoint scalar theory,

_k, i
PCRNNNNN ¢bg =2 (3.18)
¢a&
= — 24y fobe fabe, (3.19)
¢bl§ (bCé

As far as the double copy is concerned, one would expect to get the two-form-dilaton
gravity corresponding to YM theory. However, in the classical worldline formalism, due
to the anti-symmetry of the B-field, it decouples from the massive particles (at least to
next-to-leading order and minimal coupling). Therefore, in WQFT, we only need to consider
dilaton gravity. The action is given in (2.32) without the last term in the bracket involving
the B-field. Limited to D = 4, it reads,

2
Sdg = /d4xﬁdg = /d4x\/—g[ — ?R + 9" 0,90, 0| (3.20)

After doing the weak field expansion, we follow the procedure in [90], which extensively
simplifies our calculation. Accordingly, we adopt a special gauge-fixing condition other than
the de Donder gauge and perform a field redefinition of ¢, h,,,. This allows decoupling the
dilaton to the worldline up to subleading order in x, as well as to simplify the three-graviton
self-interaction as the square of the three-gluon one. The gauge-fixing term is given as

1
S = [ AoV agu s (3.21)

fH =TH,00" + ”22 [ - % (0= ) o - i (0 1) hr + (915 Do

3 3 3 (3.22)
(@) P = S @) B = S (R ) By
+ g (ORI = o ( Y=g A
The field redefinition is given as
1 1 1
h,w/ _>h,u,1/ - 77,u1/ <2hup. + 2¢> + K <_2huuhpp + én,u,l/hpphao
) (3.23a)
+§huphp1/ - 2¢huu + 2¢277,u1/ + ¢huuhpp> )
1
¢ — o+ Zhu“' (3.23Db)
Additionally, we also add a total derivative term to simplify the action
0= Stp = / d*za, [h”,iath — h*™ 9",
(3.24)

+ Z(h“”hm,&,h"” — hah"™ 0y W — B PO\ + h“l,h”*agh‘iﬂ
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This procedure leads to a simple expression for the field action,
1 14 K 14 g a 14
Sag + St +STD :/d4x [28ph,w6ph“ + Z(hwa“(‘) hpeh?? + 2 hy,,0 h‘;(‘) h?
— huyaahgaphg - hpoaph“yaahuy — 8pao-huyhp“ho-y):| + O (K]Q, (b)

1
= / d*x [Qaphwaphﬂ” -

where Vﬁﬁf = 1'/2635‘

123 hluuh2aﬁh375:| + O( ¢)7 (325)

N is the position space version of Vﬁgé defined in (1.26) for the

three-gluon vertex, with the labels 1,2,3 indicating on which h,, the partial derivatives
should be applied. This yields the graviton propagator

k

—_— Z ag
h/ﬂ/ A YAYAY% hpo‘ = ﬁn“(pn » (326)
and the three-graviton vertex
hHll/l
ki
T — 1051a2a3 1@135253 Hnaz ) B (3.27)
e
“Fy
huzl’z husl’s

Compared to the three-gluon vertex (1.24), we can already see the structure of the double

copy.
We will now proceed to examine the worldline actions SEC)/pC /pm n (3.16). The action of
a massive point charge coupled to a non-abelian gauge field Af is [91,92]

1 /2 .

where e(7) is the einbein similar to the one introduced for gravity (1.79), and the dot over
a symbol denotes a derivative with respect to 7. The “color wave function” W, (7 ) is an
auxiliary field carrying the color degrees of freedom of the particle, the a,3,...=1,...,dp
are indices of the dr-dimensional representation of the gauge group, and

o(r) = vi*(1%),° g (3.29)

is the associated color charge that determines the coupling to the gauge field AZ(I') We
shall take the generators (7?),” to be acting on the fundamental of SU(N) such that
dr = N and the adjoint indices a,b,...=1,... N?> — 1.1 This action is invariant under the
reparametrization of 7. The kinetic term can be transformed into the more familiar form
—m [ drv/42 by solving the algebraic equations of motion for the einbein e(7) and reinserting

'In fact, specifying the gauge group and the representation for the matter are not necessary. In principle,
we can pick any group and representation. We pick the fundamental one just for convenience.

34



3.1. BASICS OF WORLDLINE QUANTUM FIELD THEORY

the solution into the action just as for Einstein gravity (1.80). However, as usual, it is better
for us to fix

1 2
N — = =1 3.30
e(r) = — x (3.30)
and 7 is then the proper time.
Similarly, the action of a worldline minimally coupled to dilaton-gravity reads

1 2Kp V-,u-zz
S =~ / ar (9 +mze) , (3.31)

e

which differs from the pure-gravity-worldline action (1.78) only by the exponentiated dilaton
coupling ¥, Again, upon integrating out e(7) we arrive at the more common form of the
action —m [ dre™¥,/g,,@#%". We fix the worldline gauge by choosing

e(r) = — = e g, it = 1. (3.32)

Thanks to the field redefinition (3.23), the worldline is decoupled from ¢ up to quadratic
order, which in terms of the redefined fields then reads

2
Spm = — / Ar (4 + Rl 3 + " hgh £33 ) + (). (3.33)

Finally, let us introduce the massive point particle coupling to a bi-adjoint scalar field
theory. A point particle interacting with a bi-adjoint scalar field (WBS) is described by [93,94]

1 P2 . ~ .~ ~ -

See = — /017(2 <x n m26> AR A eymcaca), (3.34)
e

where W, (1) and W4(7) are the color and dual color wave functions, and we have omitted

the (dual-)color indies for brevity. The corresponding charges are defined in a similar fashion
as (3.29) in Spe

C =0Ty, Ct = 9ITap. (3.35)
In this case, we set the worldline parametrization
_ 2 2 o e
e(r) =— = T+ méﬁad =1 (3.36)

Following the spirit of the pure gravity case, we will expand the worldline coordinate
xH(7) along a background straight line defined in the past infinity as (3.2). We are thus
obligated to use retarded propagators for physical observables. However, in the next section,
we will be focusing on the calculation of the eikonal, which does not have a natural direction
of time, and the type of propagator is hence uncertain. Fortunately, as in this work our
main concern for the double copy construction is the integrand, so the ie description of the
propagators is of no direct concern. Therefore we may this obstruction.

In addition to the straight-line expansion, we also decompose the color wave function in
the background,

U(r) = +¥(r), (3.37)
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where the lowercase ) = ¥(—o00) = const is the initial condition, and calligraphic uppercase
W (1) is the fluctuation that will be quantized. Consequently, the color charge is

C% = + I T + Ui T + wIT, (3.38)
where we have defined the background color charge
¢ =TT, (3.39)

A similar decomposition applies to the dual-color wave function \11(7'), and all respective dual
quantities are denoted with a tilde. Note that the background x(7) = b* + v#7T and V(1) = ¢
solves the equations of motion in the field free scenario(s) ¢z = Al =hu =9 =0.

In WQFT, as illustrated before, we integrate both the field in the bulk and fluctuations of
the worldlines. Specific to the cases we consider here, we will integrate out the BS/YM/DG
fields daa; A}}; hyw, ¢ as well as all fluctuations of worldline degrees of freedom z(7), ¥(7), ¥ (1)
in the path integral, so the results only depend on the background fields b, v, . In the path
integral, similar to (3.4), the expectation value of an operator O is expressed as

/ D[®] HD 2] ( @@]) O eiSwart (3.40)

ZWQFT

where ® € {pqa, AZ, huw, ¢} denotes the bosonic fields in the respective theories. The partition
function follows,

Zwqrr = /D[(I)]H Dlzi] (D[Wi,kf’i]) e!owarT, (3.41)

Moving to momentum space, we express the color wave function fluctuation in the same way
with (3.12),

%ewww)’ (3.42)

e Tyt (—w).

The same also applies to the dual-color wave function W. When evaluated on the worldline,
the generic field ®(z(7)) may be expanded in the same way as the pure graviton (3.14),

q)(l,(T)):/k ik-(b+vr+z( 7') Zn'/ -(b4vT) k‘ Z( ))nq)( k‘)

:/eik.bq>(_k) <€ik'm——|—i/ei(k'v—’—w)Tk'Z(—w)) _1_0(22)‘
k w

We take the expansion only to linear order in z* since this is the highest term we need in
this chapter. A complete expression of hy, to all orders in z may be found in [84].

(3.43)

3.1.2 WQFT Feynman Rules

Next, we extract the Feynman rules from the worldline actions. The worldline propagators
are the same in all three theories. In addition to the z(7) propagators, we also have the color
wave function fluctuation ¥ (7),

w
gt e—>"—eoy =

(3.44)

7
o .
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The propagator of the dual field ¥ is identical to the one for ¥. Let us now begin with the
analysis of the Yang-Mills coupled WQFT. With (3.12), (3.42) and (3.43) we can expand the
interaction term of S, from eq. (3.28) as

S i= g [ dran(r) - A*(a(r) O (3.45)
— g/keik'bﬂ . A“(—k)a‘(k . v)ca _ g/k eik'bAZ(—k)g(k v +w)

X [z (weh(—w) + vk - 2(~w)) e + vﬂ(wTw(—w)wT(w)Taw)] +0 ((5,)?),

where we keep the interaction to linear order in worldline fluctuations. The Feynman rules
of the worldline-gluon vertices can be directly read off from (3.45). Below we represent the
background worldline configurations (b*, v*,c*) as dashed lines:

k’l é = —ige* b8k - v)vhc® (3.46)
A
w
—>
o 2P
kl =geF V5 (k-v 4+ w)(wnH? + vHEP) (3.47)
AL
w
e WT
kl E = — ige5(k - v 4+ w)vH (T%) (3.48)
Ay
w
é lk = — ige (k- v — w)oH (YTTY), (3.49)
All

where we have used the shorthand notation & defined in (3.13).
Turning to the bi-adjoint scalar coupled WQFT, we can expand the worldline-scalar
coupling of (3.34) in the same way,

st =L / dr ™ ((r)) C(r)C%(r) (3.50)
_Yy ikb jad, oNad Y ik-b rad .
_m/ke ¢ (—=k)o(k - v)ctc —i—m/lwe ¢ (—=k)o(k - v+ w)
X [zk - 2(—w) e + (w* T (—w) + W(w)T“tb) c&
+ (ST (—w) + (@) T9) | +0 (. 9)?)
Again, we keep only the terms that we need in this work. From the interaction (3.50) we
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extract the Feynman rules

kl? :i—yeik'bﬁ(k‘ . ,U)Cacfz (3.51)
d)ab m
w
B )
é __ Y kb 0.0 a
kl = me (k- v+ w)kPcle (3.52)
¢ab
w
R A
_ W ikbsrq a,/N
kl§ = 5k v+ w) (T)e (3.53)
¢ab
w
S T
§ g :zye”“'b&k-v —w)(IT)e. (3.54)
¢ab

For vertices that involves the dual wave function, we simply use (3.53) or (3.54) and change
W to 0.

In the dilaton-gravity coupled WQFT, the interaction term is remarkably simplified by
the field redefinitions (3.23) of {¢, by, }. In the end the linear order in hy, in (3.33) is no
different than the interaction term of a point mass in pure gravity (3.15). From (3.33), we
here explicitly provide the leading terms in z(w),

S =5 / RV (k - 0)hy (— k)00
k
-y / U5k - 0 -+ W)y (k)2 () (2082 + 0ok, ) (3:55)
k,w
m/<a2

‘/ IR ((ky + ko) -0)hyup(—ka ), (—kz)obo” + O(K?, 2°).
k1,k2

We obtain the Feynman rules,

klg = —i%eik'bﬁ(l{ -v)vho” (3.56)
hyuw
W
S —
k| § = D5 (k - v+ w) (20005 + 00"k, (3.57)
Ry
k15 Qs 2 -
1ﬁ 2 _ me / ez(lﬁ-‘rkz)-bg ((k'l —i—kg) -’U) ,U(MUV)(P,UU) . (3_58)
h,w hpo’ 2 ]{:17k2
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3.2. EIKONAL PHASE AND THE DOUBLE COPY

3.2 Eikonal Phase and the Double Copy

One of the main challenges of constructing the double copy in the classical limit of quantum
field theories is that the locality structure is concealed. This is rooted in the classical limit
of the massive scalar propagator [84], which contains both double and single propagators
as we can see in WQFT from (3.11) and (3.44). Following [93] we tackle this difficulty by
using the bi-adjoint scalar theory to identify the correct locality structure, i.e. disentangle
the kinematical numerators from the propagator terms.

Another important strategy to establish the classical double copy is to consider more
than two worldlines even if we are ultimately interested only in two-body interactions. This
is to avoid the situation where some color factors in the two-body situation are vanishing but
the corresponding numerators do not, which under the double copy map may yield non-zero
contributions. This may be evaded if we use as many worldlines as worldline-field interactions
occur. Specifically, we will consider an (n + 2)-body system at N*LO. To retrieve the binary
system from this, we need to sum all possible ways of fusing the (n + 2) worldlines into 2
worldlines. In summary, our double copy relation of the eikonal phase at N®=DL0 reads

XES = — y2n/d/11,2,..‘,(n+1) ZCiKZ’jCN'j, (3.59&)
%,J
= — (ig)zn/dﬂm,...,(nﬂ) ZCiKiijv (3.59Db)
1,7
DG (BV" [y N;Ki;N; 3.59
Xn — 9 H1,2,‘..,(n+1)z IRASYEARE! ( . C)
(]

where Cj, C’j denotes the color and dual color factors, IN; are the numerators, and Kj;; are
the so-called double copy kernels that encode the locality structure. The sums extend over
the dimensionalities of the numerators and the color factors. For further convenience, we
have also defined the integral measure

DAY g -
i =TT (e hop) ) 59 (Y12 (3.60)
=1

=1

where k; is the total outgoing momentum of bosonic fields ®(z) attached to a worldline. Note
that we have defined the momentum of the massive particle as

so that  §(k;-p;) = 5(]%'%). (3.61)

m;

Mo M
p; =My,

Hereafter we will always express the numerator N; in terms of the momentum p!* which is

necessary in order to balance the mass dimension under the double copy. The kinematic
numerators N; are arranged to satisfy the same algebraic equations as the color factors Cj,

Ci—i-Cj—l-Ck:O = N;+ N;+ N, =0. (3.62)

It is worth mentioning that we have the color-kinematic duality already at quartic order in
the coupling constant.
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3.2.1 Eikonal at Leading Order (LO)

Let us first consider the double copy of the eikonal at leading order. The locality structure at
leading order is trivial, so we do not need to employ the bi-adjoint scalar theory in order to
double copy YM color charged particles to DG ones. In Yang-Mills coupled WQFT (WYM)
the eikonal phase at this order involves only one diagram. Using the Feynman rules (3.46)
and the gluon propagator (1.23), we have

1,,,

™ = kllE =ig" / ap p L2N D), (3.63)

2
2--- b

where we have massaged the formula to fit the form as (3.59b). It is straightforward to
identify the color factor, the numerator and the double copy kernel

1

C=(c1-c2), N=(p1p2), K= oL
1

(3.64)

In worldline coupled dilaton-gravity (WDG), thanks to the decoupling of ¢ from the
worldline, we also have only one diagram mediated by h,,. With (3.56) and the graviton
propagator (1.40), we obtain

. DG SR B (p1 - p2)?
X1 = kli T /dﬂl,QkQ' (3.65)
R 1

2,,,

Hence at the leading order, the eikonal of Yang-Mills and dilaton gravity obviously possess a
double copy relation (3.59).

3.2.2 Eikonal at Next-to-Leading Order (NLO)

As explained before, at next-to-leading order, to avoid the vanishing of some contributions in
worldline coupled bi-adjoint scalar theory (WBS) and Yang-Mills coupled WQFT theory, we
will consider three worldlines. At this order the locality structure is non-trivial. As we will
see, the double copy kernel is off-diagonal. Therefore, we will first consider the bi-adjoint
scalar theory to identify the kernel.

The Feynman diagrams in WBS can be calculated using the Feynman rules (3.51)-(3.54)
and the three-point vertex of ¢qs (3.19),

1,,, - -
ks .4 [duigs ko ks e
zﬂ Sl B e RS TN CRAICE S

3/
A AN dpios 1 b
. 1,2,3 a _a ~ ~ ~ ~ ~ba ~a ~
2 m3 = —194/ k2k2 ko-p1 ((011) c5B)(E1-82) (@1-83) + (c1-¢2)(cr-c3) (& 0203))
N 37 23
(3.67)
1 - - =
ks g [dmes =1 b s s ~ab = b
2« P N T | 32 T ((cfc5es)(G1-62)(C1-E3) + (e1-c2)(e1-c3)(617E583))
~ 3//
(3.68)
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d r T
kf,jzzg 2f e ches FUOE 5 (3.69)
17v2™3

where for compactness we have defined
o = (WT“T%) - @Wf%) . (3.70)

Note that in (3.67) and (3.68), the propagator with an arrow denotes either the color or dual
color wave function, and we have added up their contributions. We stress that the factors
¢® are absent in the equation of motion, so they will not explicitly appear in the classical
solutions [95]. In fact, summing up (3.67) and (3.68) we can remove ¢ by

Cab _ Cba _ fabccc’ (3'71)

and similarly for the dual-color sector. However, these factors turn out to be critical for
the double copy: because of them we find classical numerators that satisfy color-kinematics
duality at this order. From (3.66) - (3.68) we can identify 3 (dual-)color factors,

C%) —{(cr-ea)(er-e3), (8Pcgh), (ecicy)) (3.72)

(129) _{(@1-)(c1-03) , (05T, (P&} (3.73)
Note that here we only consider diagrams with worldline propagators of particle 1. There
are also contributions involving propagators of 2 and 3, which can be gained simply by

relabeling (123) in (3.66)-(3.68) and give us another 6 color factors. Together with the single
(dual)-color factor emerging from (3.69)

(2

Cz'(O) — fabecaches éi(O) _ Jzai)aéc}ég &, (3.74)

we see that the double copy kernel K;; is 10-dimensional. Fortunately, K;; is block-diagonal.
The block that corresponds to the three-dimensional space (3.72) is

kz-k32 —1 1
(k2p1)?  kapt  k2p1
(123) _ 1 &)
Kij =252 Taor 0 0 (3.75)
23 1 0 0
ko -p1

and analogously for the color-dual (3.73). By permutations of (123) we may obtain other
blocks. The last block coupling to the structure constant is extracted from (3.69) and is
1-dimensional, thus we have

(0) 2

We now proceed to consider the Yang-Mills coupled WQFT (WYM) theory. The Feynman
diagrams are very similar to those of WBS theory. With the WYM Feynman rules (3.46) -
(3.49), we may compute the contributions to the eikonal phase

1,,, - =
NFs _ . 4/d,U1,2,3 ‘ . ko-ks3 1 377
2\\M, g k‘%k‘g (c1-c2)(c1-c3) (k2_p1)2n0+ k,2_p1n1 (3.77)

3/

(3.76)
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1 - = -
ba .a b
Nks 4 [ dpias (epfches) 378
2 \/’“23/ T )RR hepr O (3.78)
1 &‘%ﬂv 4 [ dpigs —(cfcsch)
3 = o 3.79
2~ \/k23// . tg / k%k% k2‘p1 o ( )
1 —_—
. 2fabccacbcc
2 N Y&«} K = 294/dul’2’3k2k‘21/€223 (*nl) (380)
N 432 . 1723
\\ 3 //
where we have defined
ng = p1-P2 P1-P3 (3.81)
ny = ka-p3p1-p2 — k3-p2p1-p3 — k2-p1 p2-p3. (3.82)

Based on the color factors identified in (3.72), (3.74) and the double copy kernel (3.75),
(3.76), we are led to organize the numerators as

(123) o —nip ni

NO = — oy, (3.84)

so that the WYM eikonal may be decomposed in the form of (3.59b),

o = —94/du1,2,3 3 (CZ-(O)KZ-(JQ)N](O) N (05123)&'(]-123)]\7}123) n cyclic)). (3.85)
ij

Fortunately, this decomposition automatically satisfies the color-kinematics duality

Ci"bcgcg — Cllm’cgcg :f“bcc‘fcgcg (386)
—MN1 niy

= . 3.87

5 5 ni ( )

Note that the decomposition of N ;123) is not unique due to the Jacobi relation (3.71)2.
We note that the color-kinematic duality is satisfied automatically up to this leading and
next-to-leading order if one uses Feynman gauge (this is not so in other gauges). We expect
this property to break at higher orders in perturbation theory where the need of generalized
gauge transformations arises. One then adds to the eikonal an arbitrary function multiplying
the color factor Jacobi identity (eq. (3.86)) in order to create a color-kinematic duality
respecting representation.

In principle, we are now prepared to execute the double copy as proposed in (3.59¢) to
get the eikonal phase in the worldline coupled dilaton gravity theory (WDG). In order to

2For example, we could also have N ;123) =(no 0 mni). Color-kinematic duality still holds and the double

)

copy gives the correct gravitational result. We have chosen to write NV, ;123 in a symmetric form.
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check the validity of our double copy prescription, we directly compute the eikonal in WDG
theory with (3.56) - (3.58) we find for the graphs not involving bulk graviton interactions

T o —ik?
21\ md ~ 16 /k%kdglg].lg22;l)2 ((k2'/€3)(p1'p2)2(p1'p3)2
o = Ak p1)* (01 2) (01-5) (p2-s) = 2k p2) (ko p2) (o1 p2) (1 23)”
+ 2(k2-p3)(k2-p1)(p1-p3) (1 'p2)2>

(3.88)

1 - — R
kg k3 —Z'IQ4 d
2 ﬁv 3 = / 'ugl’Qg’S (2(p1-p2)(p1-p3) (P2-P3)).- (3.89)
L 16 ) K2k

Summing up the two diagrams, we can check that the result can be written as

—ik* [duros [ke-ksnd  2nong —irt (123) 1-(123) A/(123)
2 _ d N128) pr(128) \r(128) (g g
16 / KZH2 <(k2-p1)2+k2'p1) 16 / pnap ) NCRG TN (390)

1]

We have arranged the result to the form of (3.59c) with the double copy kernel Ki(jmg) and

the numerator Ni(123) defined in (3.75) and (3.83) respectively. Turning to the bulk graviton
interaction graphs, thanks to the field redefinition of {y, h,,}, the three-graviton vertex
(3.27) is directly proportional to the square of three-gluon vertex (1.24), so we can easily
compute the last diagram which is manifestly a double-copy of the WYM one

. 4 2

—1iK 2n
= d L 3.91
16 / T (3.91)

From (3.90) and (3.91) we thus conclude that the double copy of the WYM eikonal coincides
with the one of WDG also at the next-to-leading order (O(x%)).

3.3 Radiation and the Double Copy

In this chapter, we are mainly considering the conservative sector of the WQFT. However,
with a slight modification, we can generalize the eikonal double copy (3.59) to classical
radiation. In WQFT, the @ field radiation is computed as [85, 86]

—ik? (D (k)20 (3.92)

For ® € {Af}, hy }, we also need to contract it with the polarizations {e", e/} respectively. We
take the gluon radiation as an example. Loosely speaking, the radiation at order O(g?"~1) can
be obtained from the eikonal phase at O(g?") by cutting off one worldline. Diagrammatically,
the gluon radiation of a binary source at leading order can be gained from (3.77)-(3.80) by
cutting the propagator k3 and identifying k3 with the momentum of the radiated gluon. The
on-shell condition k3 - € = 0 plays the same role as the (ks - p3) in the measure of the eikonal
phase. This ensures that the gluon radiation can be decomposed into C;K;;N;, with C;
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attained from (3.72) and (3.69) by striping off c3, N; from (3.83) and (3.84) by replacing
ph by €* and K;; being identical to (3.75). From the same approach, we can also get the
gravitational radiation and decompose it as N; K;;N;. Therefore we conclude that the double
copy construction works for radiation, too. We note that this is equivalent to the approach
considered by Shen [93] and Goldberger and Ridgway [96] where the radiation is calculated
by solving the equations of motion.

3.4 From Amplitude to Eikonal

As was mentioned at the beginning of this chapter, the expectation values in WQFT are
directly linked to the classical limit of S-matrix element. Consequently, we can expect that
the classical double copy of WQFT discussed is also closely related to the double copy at
the level of the scattering amplitude. In this section, we will briefly introduce the procedure
to get the classical limit of the scattering amplitude. Specifically, we consider the double
copy of scalar QCD, which is discussed in the previous section. We claim that the classical
limit of the amplitude of n distinct scalar pairs corresponds to the WYM eikonal phase at
O (92("_1)) and show the connection explicitly at O (94). Moreover, we will demonstrate
that the double copy of the eikonal phase is the classical limit of the BCJ double copy of the
scattering amplitude.

The exponentiated eikonal phase is directly related to the classical limit of scattering
amplitude [97,98],

. 1
1+ -1=3 L / A1, lim Aln = ) (3.93)
n=2 )

where A(n — n) denotes an amplitude of n pairs of distinct massive scalars, and y is the
total eikonal phase, which scales as A~! and receives contributions from all higher-loop
amplitudes. The introduction of the “quantum remainder” A, (scaling as hi"=Y) is needed for
consistency [99]. Here, we only care about tree diagrams, so we have

Xn_1 = —t /d,u1 9...n im AT (n — n). (3.94)
AL T R0

3.4.1 From SQCD amplitude and WQFT Eikonal

The correspondence at the 2 — 2 level is relatively straightforward. The amplitude of two
pairs of scalars of different flavors is (2.9). For an easier comparison with the eikonal, we
rewrite it as

P+ g i, pr—
A2 - 2) = )
p2+k727 l k7 ﬁQ_%
4 . + k1
—igprgmy PR, (3.95)
1

where we have introduced p; as the average of the in- and outgoing momentum of particle i,
which is orthogonal to its momentum transfer due to the on-shellness of the external scalar,
ki ki

0=mi —m; = (pi + 5)2 —(pi + 5)2 =2p; - k; (3.96)
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In the classical limit we take small momentum transfers k; — hk;, and consider the expansion
in small A following [44]. We identify the momentum as p; — p;, although since p? # m?,
we need to change the definition of p; to p; = Mm;v; with fn? = ]512. Up to the highest order
considered in this chapter, the redefinition will not change the WQFT result. Performing the
classical limit of the Yang-Mills amplitude, we also need to consider the classical limit of the

color factors, which was recently investigated by de la Cruz et al. [100],
15 — . (3.97)
Taking the leading order in A, we have

4p1-p2
k2

A2 5 2) = ig?(c1-co) (3.98)

which coincide with the leading order eikonal (3.63) up to a prefactor. To check that the
eikonal double copy agrees with that of amplitudes, we also consider the 4-scalar double copy
amplitude (2.29). Following the similar procedure, we found that it agrees with (3.65).

Let us now turn to the 3 — 3 case. The 6—point amplitude of three distinct scalar pairs
in SQCD is already given in (2.15). Nonetheless, for simpler comparison with the eikonal, we
rewrite it as

ﬁl—i_ké_laj ia ﬁl_%
~ k ~ k
AT(3 5 3) = o+ 52, | (> k, po— 2

]53 + %7 n m, ﬁ3 - 162_3
SE(O)ﬁ(O) 8 6(123)ﬁ(123) N é(l32)ﬁ(132) N i (3 99)
= 1C|. .
2K2k2 (K22 \ 21 ky — ko ks | 2p1ks — sk ) O

The color factors are®

{0~ gy,
a123) _ (TbTa)ijT]?ngm (3.100)
S _ (o)

The corresponding numerators are

- 4
~ —1 N N M N ) D D D D D
7(123) :Tg (4p1~p2p1'p3 + 2p1-Ps k1P — 2p1-P2 k1 D3
_ 2]31 ko ﬁQ-ﬁg — kjl‘ﬁg kl'ﬁ3 + kz'k3 ﬁ2'ﬁ3) (3‘102)

4
~ —lg PN ~ A R A A ~
7 132) = (41?1 P2 P1-P3 + 2p1-P2 k1-P3 — 2p1-P3 k1-p2

= 2y fa-Bs — KPP + ook -y ). (3.103)

2(132)

%Note the correspondence to the color factors defined in (2.16) O o ey, 1) C(156), <> C(134)-
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which has been brought into a form to satisfy color-kinematic duality

6(132) o 6(123) :é(O)

3.104
7(132) _ 5(123) _4(0) ( )

In (3.102) and (3.103), we have already sorted the terms in powers of k;. The massive
propagators will become

1 _)l 1 n ko ks
2p1-ka —ko-ks  h2pi-ky  4(p1-ko)

S+ O(h). (3.105)

We also need to expand the color factors quadratic in the generators and linear in structure
constant. Though the subleading order of (T%7?);; is not explicitly derived yet, built on the
insight of [100], we propose the classical limit of the color factors to be

(TT);; — c*c® + he™ (3.106)
fabe _y ppabe, (3.107)

Note that the sub-leading term in (3.106) guarantees that the Jacobi identity holds in the
classical limit.

It is now straightforward to compute the classical limit of the amplitude (3.99) and extract
the eikonal using (3.94). Keeping only the leading order terms in the classical & — 0 limit,
we have

£(0)5,(0)

cOrONO 3.108
k%k%k% 7 1) J ( )
1 +(123) 5 (123) ~(132) » (132)
: 2< &4 L _En ) L 02 (129 az) (3.109)
k2k3 2p1-k2—k2-k3 2p1-k3—k’2-k3 J J

We therefore recover the eikonal phase of SQCD from the WQFT, which directly operates at
the classical level.

We can also consider the classical limit of the double copy of SQCD, which is just the
6-scalar amplitude in dilaton gravity given in (2.31). Equivalently, we can just replace the
color factors with the numerators in (3.99). We can then likewise consider the classical limit
of this gravitational amplitude,

70)7,(0)

(0) 7-(0) A7(0)
TR - NYKON (3.110)
1 7¢L(123)ﬁ(123) N ﬁ(132)ﬁ(132) . N(123)K(123)N(123) (3111)
k‘%k‘% 2]51']{32—]6‘2']{33 2]51']433—1452'1433 ! Y J ’

which coincides with our calculation in WDG. We have therefore verified that the classical
double copy of the world line quantum field theory is in full agreement with the quantum
double copy of amplitudes at LO and NLO. Note that the double copy of SQCD contains
self-interactions of massive scalars (2.34). However, these are short-range interactions and do
not contribute to the classical theory. So we do not need to introduce additional terms in
WDG, and the double copy automatically works out.
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3.5 A Comment on the WQFT double copy

There is a comment we want to make regarding the double copy at the classical level. An
alternative route was taken in the works [5,90], involving the authors of this work, where
a path integral based approach was taken. There, starting from the actions describing the
coupling of massive, charged particles to Yang-Mills or dilaton-gravity, the force mediating
fields (gluons, dilatons, and graviton) were integrated out, yielding an effective action for
the point particles, thereby taking the classical i — 0 limit. It was shown at LO and NLO
that the resulting effective action could be obtained by a suitably generalized double copy
prescription [90] taking inspiration from the amplitudes approach. Concretely, the need for
a trivalent graph structure was artificially introduced via delta functions on the worldline
for higher valence worldline-bulk field vertices. Nevertheless, this double copy prescription
was shown to break down for the effective action at the NNLO [5]. It was speculated in [5]
that the reason for this breakdown lies in the attempt of double copying a gauge-variant and
off-shell quantity — the effective action — which is at tension with the on-shell nature of the
scattering amplitude double copy. The main difference between this previous attempt and
the WQFT approach is that, in WQFT, not only do we integrate out the force mediating
field in the bulk, but we also integrate out the small fluctuations of the worldline around a
straight-line background. We thus arrive at results depending only on the background values,
which are on-shell and gauge invariant. We are also limited to the scattering cases with a
small deflection angle, which is consistent with the eikonal approximation and classical limit
of scattering amplitude. Therefore, due to the parallel relation of WQFT expectation values
to scattering amplitudes, we expect the double copy relation goes beyond the eikonal and
radiation. In fact, all expectation values in WYM and WDG should feature the double copy
relation as long as they are directly related to the quantum amplitudes.
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Chapter 4

Geodesics from Classical Double
Copy

This chapter is based on the published article “Geodesics From Classical Double Copy” [3],
written in collaboration with Dr. Riccardo Gonzo. We will adapt the conventions for the
consistency of this thesis. In particular, we change the convention of the signature of the
metric from diag(—, +, +, +) to diag(+, —, —, —).

The double copy relation at the classical level can be surprisingly realized in a non-
perturbative way. As mentioned in the introduction chapter 1, it has been shown that
some exact solutions of the Einstein equation can be obtained by corresponding solutions of
Yang-Mills theory.

The classical YM theory is usually studied as a toy model for gravity, but it is also
important by itself. One example is that the equations of motion of classical YM theory
describe the dynamics of the quark-gluon plasma, which is believed to be the predominant
phase of matters before the entire universe was formed [101-103]. In particular, for de-
scribing high-energy heavy ions collisions, the gluon field is also treated classically as a first
approximation [104-107].

In this chapter, we are interested in extending the Kerr-Schild double copy to the case of
a probe particle moving in the static Yang-Mills and gravitational backgrounds. In particular,
we will examine the dynamics of a test charge in the v/Schw and the equatorial plane of
the v Kerr background by directly solving the equations of motion. We characterize the
orbits and find they feature elliptic, hyperbolic, and plunge behavior just as in the gravity
background. More importantly, we reveal a double copy relation between the conserved
quantities in the gauge and gravity theory, which enables us to fully recover geodesic equations
for Schwarzschild and Kerr from that of v/Schw and v/ Kerr, respectively. Interestingly, the
map works naturally for both bound and unbound orbits, which is beyond scattering amplitude
double copy that only accounts for unbound cases.

We will introduce the double copy of conserved charges in section 4.1. This is followed
by the detailed analysis of the trajectories of a test charge in v/ Schw background in both
massive and massless cases in section 4.2. We also show the double copy to Schwarzschild
geodesics explicitly. In section 4.3, we perform similar calculations in the v Kerr field but
focus only on the equatorial plane.
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4.1 Conserved Charges and the Double Copy

In this section, we derive the relation between the conserved charges of a test charged particle
in the YM potential and the corresponding charges for a probe particle in the Kerr-Schild
gravitational background. Let us first consider a point particle of mass m and color charge
¢ moving in a YM background Aj, (z). Its dynamics is governed by the worldline action as
(3.28). For convenience, we here rewrite the Lagrangian,

= 2
yM _ Guvtv” em 4dy
L' = 96 + 5 i e + g vt A (2), (4.1)
where v#(7) = da*/dr is the full four-velocity.! Note that (4.1) is valid for both m > 0 and
m = 0. For massive particles, we set e(7) = 1/m as in (3.30). In the massless case, we simply
take e(7) = 1, giving the affine parametrization as explained in section 1.6. The constraint
on the velocity is

o — ) A=1 for m>0 (4.2)
JotY = .
In A=0 for m=0.

We consider a static YM field of the Kerr-Schild “single copy” form (1.50). For a charged
test particle moving in this background we crucially require the coupling constant to be
small enough not to affect the gauge field configuration. Let us now focus on the conserved
quantities of the test particle. Suppose we have a cyclic coordinate &, which doesn’t appear
explicitly in the Lagrangian. From Noether’s theorem, we know that the corresponding
conserved charge is?

oLYM  out (g0 g
P = e = azﬁ( et Mcaca¢(w)k“(x)> ' 3
Likewise, the Lagrangian of the point mass in the corresponding double copy gravitational

Kerr-Schild background reads

(Guv + Khy)vRo” em?
,GR _ Y 2; + R (4.4)

where we have separated the deviation from the Minkowskian space
khy, = —2GMe(x)k,(z)k, (). (4.5)

Again, setting the einbein e(7) = 1/m for massive particles and e(7) = 1 for massless particles
gives us the relativistic constraint

A=1 for m>0

(4.6)
A=0 for m=0.

(guy + :‘ihw,)’l)u’l)y - )\ {

It is clear that ¢ is also a cyclic coordinate for LGR

point mass

, S0 we have a conserved charge for the

Pe = T8 T 0ot

ar OLSR Ot <gu,,v” 2GM
e e

- cpkyv”ku> . (4.7)

'Note that the definition of v*(7) is different from the background value v* defined in worldline quantum
field theories in chapter 3.
2See [108,109] for alternative approaches on how to derive the conserved charges.
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Comparing eq. (4.3) and (4.7), we can derive the correspondence rules for Kerr-Schild double
copy,

2
g -
P 2G ¢ — —Mky,. (4.8)
The relation mapping the conserved charges in Yang-Mills to those in gravity background
follows

" M
@ sothat Ci=c-c— ——Fk-v. (4.9)
e e

We note that the double copy map works for both C' > 0 and C' < 0, corresponding
to repulsive and attractive forces, respectively. Nevertheless, in the analysis of solutions of
the equations of motion, we will focus on the case C' < 0 to resemble gravity, where the
interaction is always “attractive” (see Fig. 4.1).

Double
& e | copy M >0

C=c%* >0 C'=c%" <0

Figure 4.1: For a massive charged particle, we can have both attractive and repulsive gauge
theory forces depending on the sign of the charges. This suggests focusing on the case C' < 0,
because masses in gravity are always positive.

In the case where the dynamics are integrable, knowing the conserved charges is sufficient
to solve the equations of motion completely. In particular, this is true for v/Schw and
equatorial orbits in vKerr. In the following sections, we will apply (4.9) to obtain the
conserved energy and angular momentum for a probe particle moving in the Schwarzschild
background and on the equatorial plane of the Kerr background.

4.2 Test Charge in Coulomb-like Background

The Euler-Lagrange equations of (4.1) give us Wong’s equations

A2zt

02 + I, 0" 0P = egc F9F 07 (4.10)
de? _ abe, ;oAb
s = gf*" VA, (T), (4.11)

where I'*,, , is the Christoffel symbol for spherical coordinates, and e is chosen to be a constant.
For v/Schw background in spherical coordinates (1.53), the field strength is

g c*

Fopy = —F% = -2 =
T T 47‘1’7‘27

(4.12)
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with all other components vanishing. Thanks to the spherical symmetry of the problem, we
can restrict our analysis to the  — y plane by setting § = 7/2 and df/dr = 0. Then the
6—component of (4.10) is simply

249 _ 28
dr( dT>—O — L :=1r"?, (4.13)

which corresponds to the conservation of the z-component of the angular momentum L. This
is universal for both massive and massless cases.

4.2.1 Massive Probe

Let us now focus on the specific case with a massive probe. Setting e = 1/m and restricting
to the § = w/2 plane, we can rewrite Wong’s equations as

do”(7) L? c“(T)E“U( )
dr 7“(7)3 47rm r(r)?
dUd7('T) - 47rm C:E:;SG (7 (4.14)
dCQ(T) abc t 61700( )
= L S

where we have made manifest the explicit dependence on the proper time 7. A crucial
ingredient in solving the equations of motion is to observe that the scalar product of the two
color vectors C' := ¢*(7)¢" is always conserved

dc
dr  4rx

()
r(7)
In the following, we will consider color charges of opposite signs so that the force is attractive:

therefore C < 0. Another significant conserved charge is the energy which can be defined
from the t—component of Wong’s equation

f@bc tr) = 0. (4.15)

- _ h:= R 4.1
dr dr - o'+ (4.16)

dvi(r)  d [ e ca(f)aa] ;f

drm  r(T)

where for conciseness we have defined a = ¢g2/4x. The energy (4.16) and angular momentum
charge (4.13) could also be derived directly from the Lagrangian approach as (4.3).
Thanks to (4.15), the non-Abelian v/ Schw potential problem can be effectively reduced
to the Abelian Coulomb potential, where the strength of the potential is determined by C.
Even though the structure of the solution has been fully known in the Abelian case since a
long time ago [110], we would like to display it here to show the features of the orbits.
Using the r—component of the equations of motion, we have

d*r(r)  L? a C a C
arz ()2 mr(r)? (h mr(r )) ’ (4.17)
and changing variable to u := % as a function of ¢
d?u(e) _aC aCu(ep)
d¢? +u(e) = oIz (h - m) ; (4.18)
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where we have used the simple relation

du 1dr

= = 4.19

do Ldr ( )
Moreover, u(¢) is constrained by the relativistic condition g,,v*v” = 1 which effectively
reduces the degrees of freedom to the ones of a first order differential equation. If we define
the critical value of the angular momentum

Leit = —%, (4.20)
then (4.18) can be rewritten as
d2 Lcri
dﬁj) +u(¢) = L2t (h + Lericu(9)) , (4.21)
while g, vHv” =1 gives
d 1
(B2) = % [0+ Lenu()? - PPute? ~1]. (422

The analytic solution of the differential equation (4.21) for L < Lyt is

. OV L L2 —
B; Lsinh <\/L7> (Béi) (L*—L2 )—hLmt) cosh (@) +h Lt

) (¢) _ n — Herit
u 2 )
Lgrit _ L2 L2 - Lcrit
(4.23)
where
du
B1 = u(¢) By = dif)
¢=0 ¢=0
B{Y = ﬂc%\/ (h+ BiLew)” — BIL? — 1. (4.24)

The last equation is directly deduced from eq. (4.23). A similar result holds for L > Ley by
using analytic continuation arguments

_ T2
BiLsin <¢’V L Lcm) (

B (L2~ 12,,) — Dl ) cos (25550 ) £ Ly

(:l:) . crit
U = + .
@ L2 — Lgrit L*= Lgrit
(4.25)
Instead, the critical case L = L gives
h 2
u®(9) = B + Bio + 2L¢ " (4.26)

where By and Béi) are again given by (4.24). The presence of a critical value of the angular

momentum, which is crucial for the classification of the orbits, is related to the relativistic
nature of the problem (see the analysis in [111]).
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It is convenient to analyze the nature of the orbits by looking at the zeros of the potential,
which will be instructive in preparation for the next section. We have

(du(cb)

)2 1“h+umm@f—L%@f—q

o ) " I12
a2 P ug) — ) (u(e) — ) (127
L+ \/ (2 —1) L2+ L2,
R L? — Lgrit
where Z—Z = g—;ﬁ wey_ = 0. From this we can characterize the possible orbits.

e Elliptic bound orbits (see Fig. 4.2a) which require two positive roots uy > 0 with

%‘u=u+ < 0 and 2%2‘ wey. > 0, that is
1
Lcrit < |L| < WLcrit 0< |h| < L (428)
e Circular orbits (see Fig. 4.2b), which correspond to uy = u_ = u, with Z% wew. =0,
ie.
1
L=4t—— Laxw O0<]|hl <1, (4.29)

v1—h2
where the radius of such orbits is

_1-h?
thrit .

T

(4.30)

e Hyperbolic-type unbound orbits where the probe escapes to infinity (see Fig. 4.2c),

d>u

which require just one root to be real and positive u_ > 0 with W‘u:u, <0,
|L| > Leyit h>1
IL| < Leie h>1  By=BY. (4.31)

e Plunge-type orbits for the probe particle (see Fig. 4.2d), provided uy < 0 for A > 1 or
u—>0>uqy for0 < h <1,
|L| < Leit 0<|hl <1
IL| < Law h>1  By=B{. (4.32)

We observe that for |h| < 1 we always have bound orbits, i.e., the massive particle cannot
escape to time-like infinity. This is not surprising since in the limit » — oo, from eq. (4.16)
we have h = v*, which has to be greater than 1 because of causality. For the same reason,
hyperbolic orbits are allowed only when h > 1.
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(a) Elliptic orbit

0 Y Ny -06  -04 —ok\, 02 04 0.6
-02
-05 04
-06
(c¢) Hyperbolic-type orbit (d) Plunge orbit

Figure 4.2: Types of orbits for a massive charged particle in the v/Schw potential.

4.2.2 Massless Probe

In the massless case, we choose e = 1. Compared to the massive case, we effectively only
need to make the replacement

a/m— «a, T—7 (4.33)

in (4.21) to get the new radial equation of motion for the massless charged particle

d2u ¢ L::ri
g+ u(0) = T2 (0 + Ligul). (a3
with
/ t ¢ / 2, ¢ ’
ho=v+ CM; L' :=rv crit + = —aC. (435)
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The constraint equation g,,v*v” = 0 gives,

(dlctlif)f - (Ll’)2 (W 4 Lgyu(9))” = (Lu(9)’] (4.36)

and the explicit solution will be given by (4.23), (4.25) and (4.27), but with the new constraint
equation (4.36) in place of (4.22).
It is parallel to the massive case to characterize the solutions.

e Circular orbits for

L'=L, =0, (4.37)

with the surprising feature that the radius of the orbit is not constrained.

e Hyperbolic-type unbound orbits for

|LI| > L/crit or

IL'| <Ll  By=B" (4.38)
e Plunge behaviour for

/| <., By=B". (4.39)

These type of orbits are well-represented by the pictures in Fig. 4.2a, 4.2c and 4.2d respectively.
We would like to note that here, compared to the massive case, elliptic orbits are not allowed,
and circular orbits are allowed only in the very degenerate limit A’ = 0.

4.2.3 To Schwarzschild Geodesics

With the equations (4.13) and (4.16), we are now ready to derive the corresponding conserved
quantities of a (massive or massless) probe moving on the equatorial plane in a Schwarzschild
black hole background. Applying (4.8) and (4.9) to

LVBW — 28 (4.40)
pVSehw gt | ozeg7 (4.41)
we get
[Schw _ 2,0 (4.42)
RS — (1 - QG;M> vt — QiMz/“. (4.43)

The constraint (4.6) can be written in terms of the conserved charges as

(V") = X+ (W52 — <1 + <LSTZW)2> <1 - 2GM> . (4.44)

r

Since the dynamics is integrable, with (4.42), (4.43) and (4.44), one can fully solve the
geodesic problem in Schwarzschild. In particular, this implies that the impulse and other
observables in the probe limit are completely determined by the double copy map [112].
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4.3 Test Charge in Spinning Background

The vKerr background is given in (1.57). It is more convenient to work in the spheroidal
coordinates (t,,0, )

x = /12 + a2 sin(6) cos(¢)
y = /12 + a2 sin(0) sin(¢)

z =rcos(f), (4.45)

in which the flat metric is
72 + a? cos?(0)

G = diag <1, i —r? —a?cos?(0), —(a* + %) sin2(9)> . (4.46)
In the limit where a — 0, this recovers the standard spherical coordinates. Without loss
of generality, we will always assume a > 0. The components of the gauge field in these

coordinates are

a_9 Tt a_ 9 1
b 4 r2 4 a2 cos?(0) " Arr?4a?
~a
Ag =1 e asin?(0) a 0. (4.47)

4 r2 + a2 cos?(6)

For simplicity, hereafter we will focus on equatorial orbits by setting 6 = w/2. We would like
to stress that the problem can be solved in full generality, but the complexity is higher for
non-equatorial orbits, exactly like for Kerr geodesics. The non-vanishing components of the
field strength are

~a

g ¢
47 72

~a

g cC

Fe = —F2 = a——.
rt tr 47’[’7‘2

T

In the following, we will consider only orbits that lie outside the ring singularity at z?+y? = a?

on the equatorial plane where the spheroidal coordinates (4.47) are always well-defined.

In order to develop an intuitive image of the v/Kerr field, we would like to show here the
structure of the time component of the potential A;, projected along the x — z plane (there
is always an azimuthal symmetry). While for a > 0 at large distances from the singularity,
A; has an ellipsoidal shape, closer to the singularity line of width a the potential develops a
dipole-type configuration.

4.3.1 Massive Probe
For a massive probe, Wong’s equations on the equatorial plane are

W _acC,

=——v
dr mr2"’

dv” l(ag +2) (U¢>2 i 1‘172 ()2 = %% [(vt - cw¢> (a2 +T2)} ;

dr r r a2+ r2
d 0
ave 0,
dr
dv? . a C
AR S A A A 4.49
dr r2+a2U v amr2(r2+a2)v ( )
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(a) a=0 (b) a=0.7

Figure 4.3: Regions of the same color on the  — z-plane (with z pointing upwards) are
divided by lines of constant A;.

As in the Coulomb potential case, there is a notion of conserved energy and angular momentum

oot 4 29 (4.50)
mr

aC
L:=?+d)v®+a——. (4.51)

mr
In particular, the angular momentum now also includes contributions from the parameter
a, which is perfectly analogous to the Kerr case. At this point, we can use those conserved

charges to derive the equation of motion for u(7) using (4.49). We find

dv"™  (Lr + a(Leig — rv"))(Lr 4+ a(Leyit + 707))

dr r3(a® +r?)

Lcrit

= — A [a(ah - L)+T(Lcrit + hT)] (452)

The constrained equation g, v*v” =1 gives

2

()2 = (1 + j—z) (h=Vi)(h = Vo)~ (1 + %)

1 |LT + aLcrit|
Vii=— |—Legit £ ——— 4.
+ r |: crit /—Tz o2 ] ( 53)

It is worth noticing here that the leading term in 1/r on the RHS of (4.52) is proportional to
a and ah — L, which is a feature shared also by Kerr equatorial orbits [113]. In the spinless
limit @ — 0, the solution reduces to the Coulomb non-abelian potential we already considered
in the last section because

a= ].
Vi _>0;(_Lcriti |L]). (4.54)
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4.3. TEST CHARGE IN SPINNING BACKGROUND

Regarding the case where L = ah, an analytic solution for 7 as a function of r exists (similarly
to Kerr black hole equatorial geodesic), but we will not display it here.

A key question is whether circular orbits exist at all. Furthermore, if so, what are the
corresponding values for the energy and the angular momentum in these cases? The condition
for the existence of circular orbits at » = r, (meaning that the radius is /72 + a?) is given
by the common solution of

do”
dr

T=Tx

= 0. (4.55)

UT|7‘:7‘* =0

With some algebra we can reduce this system of equations to

h?=1- chit (aa: + hrf) x:=L—ah
r

*

2 Ly
(a2 —2%)" = —%lt (a® +72) (v +72) (4ax — LerigTs), (4.56)

*
where the last equation is a quartic polynomial in z. For every a > 0 there are two distinct
real (and therefore other two complex) solutions for (4.56) (see Appendix A for a proof.).
We will call the real roots x1 and x2, and we order them as x1 > x2. The value of the energy

and the angular momentum for such circular orbits is given by (4.56), i.e., explicitly

1 a
hli,Z = ? (_Lcrit + \/Lgrit + 47"2 — 4Lcritxl,2>
*

T

LYy = a1+ ahi,, (4.57)

where only (hf, Lf) always satisfies the causality constraint. As we will see later, this solution
will indeed be related to stable circular orbits.

In order to study the general case, we need to analyze the nature of the roots of the
right-hand side of the constraint equation (4.53). Specifically, we have

1
2
=—P
(") =5P(r)
P(r):= (h2 —-1) 3 4 2h Leyier? (4.58)
+(a2 (h2 — 1)+ L& — L2)7‘ + 2aLeit(ah — L)
which defines a third-order polynomial P(r), to which we can apply the tools developed

in Appendix A in order to understand the nature of the roots. By computing the reduce
discriminant Ar(P(r)) (see (A.5)), we can establish whether

e P(r) has three simple real roots (Ag(P(r)) > 0)
e P(r) has one simple real root (Ar(P(r)) < 0)
e P(r) has a double or triple root (Ar(P(r)) = 0)

and by using Descartes’ rule of signs, we can also understand the number of positive or
negative roots. We note that in the case Ar(P(r)) = 0 there are circular orbits with radius
given by solving eq. (4.56). However, P(r) by itself is a polynomial in h of degree eight,
which is impossible to solve analytically. Therefore, we can only qualitatively analyze the
real solutions of P(r) = 0. We find that the properties of the solution depend on the values
of Lt and L. Specifically, we find exactly two cases:
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e Case 1) Luit < a: for a given value of L there are at most 4 real solutions for h, and
only two of them can be positive. We denote them as ha,hp with ha < hp when they
exist.

e Case 2) Leit > a: for a given value of L, there are either 2 or 4 real solutions for h.
One of these real solutions is hy", which is defined by (4.57).

In addition, as discussed before, h = L/a represents another critical value of the energy since
having h > L/a or h < L/a will change of the sign of the constant term in the polynomial
P(r). A detailed analysis of the orbits shows that we can have the following cases

e Elliptic orbits for?

ha < h < min{hpg,1} Lt < a
hf < h <min{L/a,1} Loy > a

e Hyperbolic-type orbits for h > 1 in all cases
e Plunge behavior for h > L/a in all cases

where h4 can be identified with the stable circular orbit value hf, and it is understood that
when two intervals overlap, we can have different types of orbits according to the boundary
conditions (like the sign of the initial velocity or also the initial radial coordinate). We have
represented the typical behavior of those solutions in Fig. 4.4a, Fig. 4.4c and Fig. 4.4d, where
we have also highlighted in red the ring singularity at » = 0 where the gauge potential has a
singular behavior.

An interesting limit is the one that correspond to marginally bound circular orbits with
h =1 (see Fig. 4.4b): in such case, we can find a simple analytic solution for the value of the
radius and the charges

2
Li\h =a- (ﬁi VL)

T*,i’h = + \/aLey, (4.59)

where 7, _ exists only when L < a. Since our main goal is to connect the conserved charges
on the gauge side with the ones on the gravity side, we leave a complete analytic analysis of
the generic orbits for massive particles in the case a > 0 for a future study.

4.3.2 Massless Probe

Using (4.33), we can derive the corresponding equations of motion for massless charged test
particle in the v Kerr potential. In particular, the relativistic constraint equation becomes

a2
()2 = (1 + TQ) (W' = V)R = V"), (4.60)

where the potential in the massless case is

1 |L'r 4+ aL! |
ot crit
Vii=- [ Ll % et | (4.61)

SWhen Lz = a, hp becomes equal to L/a.

60



4.3. TEST CHARGE IN SPINNING BACKGROUND

I I I I I I I I
-2 -1 0 1 2 -2 -1 0 1 2

(a) Elliptic orbit (b) Circular orbit

2k 4 2

I I I I L L L L
-2 -1 0 1 2 -2 -1 0 1 2

(c) Hyperbolic-type orbit (d) Plunge orbit

Figure 4.4: Types of orbits for a massive charged particle in the v Kerr potential. The red
ring represents the singularity of the field.

The conserved quantities read

h' = vt—l—ag Ll = —aC (4.62)

(4.63)

Causality requires v > 0 and therefore the conserved energy has to satisfy h’' > —L. . /r.
Meanwhile, from (4.60) we know the region V! < h/ < V| is forbidden otherwise the right-
hand side is negative. Since V! < —L/ .. /r < V[, the physically meaningful value of the

crit
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energy is constrained as b’ > V. Taking the time-derivative of (4.60) we can derive

dv” 2\ [dV! v’ 2
d”T = (1 + ;) [d:(h’ -V + W(h, - VL)] — %(h’ — V(R =V!)

and thus the condition to have circular orbits at » = r, is equivalent to

avy

=0.
dr

T=Tx

h/|r=r* :V-{- |r=r.

We find that a circular orbit requires the energy and angular momentum to satisfy

271 2
;0 Ly rZ
i-é“(lﬂ:\/l%—a?)

377/ 2 2\ 3/2
;o a L 2r; Ty

*

As it is easy to show, in the vicinity of the singular ring » — 0, we have

L/
lim Vi (r) = —.
a

r—0

A completed analysis for the orbits show that we can have

e Hyperbolic-type orbits for any positive value of the energy h' > 0.

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

e Plunge behaviour for b’ > L'/a both in the co-rotating case L’ > 0 and in the in the

counter-rotating case L' < 0.

e Elliptic orbits for A’ < b’ < min{0, L’ /a} with L' < Leit. -
in terms of the minimum of Vj_.

is determined implicitly

e Stable circular orbits for (h/, L) = (h'_, L") with L < L and unstable circular orbits

for (', L") = (W, L) with L < —Leyjs.

where when two regions of the parameter space (h/, L’) overlap we can have different types
of orbits according to the initial boundary conditions. This behavior of the massless probe
particle is also (at least qualitatively) exemplified by the pictures in Fig. 4.4a, Fig. 4.4c,
Fig. 4.4d and Fig. 4.4b of the previous section. Unlike null geodesics on the Kerr background,
elliptic orbits are surprisingly allowed in the v/ Kerr case and there are stable circular orbits.

4.3.3 To Kerr Geodesics

We can now obtain the conserved charges for a probe particle moving in the Kerr black hole

background. In the Kerr-Schild form, we have

(@)= Smg T
P = cos2(0) + r?

72 + a? cos?(6)
g, = (1, 20
a < a4

,0,—a sin2(9)> .
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The conserved quantities in the Kerr spacetime is gained from (4.8) and (4.9), i.e. from

Ve _ (r* + a®)v? + aae% (4.71)
pVEeE _ ot ae% (4.72)
we get
I Kerr :(Tz + a2)v¢ — a2(iM (a;?:a —av® + Ut> (4.73)
e 2iM (aivﬂ a4 vt> , (4.74)

The null-like and time-like geodesics on the equatorial orbit can then be obtained by using
these two charges and the four-velocity normalization condition (4.6).

4.4 Comments on geodesics double copy

The color-kinematics duality offers promising ideas to tackle complex problems in the
gravitational setting, in particular regarding the two-body problem for two massive particles
in general relativity. In the extreme limit where one mass is much bigger than the other,
i.e., at leading order in the expansion in the mass ratio, the problem is equivalent to a
light particle following geodesics in the background sourced by the other heavy particle.
This setting allows solving the motion of the test particle exactly in some specific cases,
which provides a way to examine and explore the double copy idea for classical solutions.
In particular, for Schwarzschild and Kerr, their Kerr-Schild single copies correspond to a
non-Abelian 1/r Coulomb-like potential (v/Schw) and the potential generated by a rotating
disk of charge (vKerr), respectively [51].

We consider a test charged probe particle moving in the v/Schw background and the
equatorial plane of the v Kerr background, respectively. In each case, we explicitly solve
Wong’s equations in terms of the conserved energy h and the angular momentum L. par-
ticularly, we focus on the situation where the color charge C = ¢*¢* is negative so that we
can correctly reproduce similar orbits with gravity, which are always attractive. We can
then extend the Kerr-Schild double-copy to derive a mapping between conserved charges of
a probe particle in the YM and the gravitational background. Specifically, the map (4.9)
replaces the color charge of the test particle by its momentum in the spirit of color-kinematics
duality. This allows us not only to fully recover the geodesic equations for Schwarzschild
and Kerr but also provides the bridge with the perturbative double copy prescription for
charged particles introduced by Goldberger and Ridgway to relate the gluon and the graviton
radiative field [96]. In particular, while the double copy was initially used for scattering
amplitudes and thus for unbound-like orbits, our mapping applies naturally also for bound
problems [114]. The reason is that explicit solutions of equations of motion do have a natural
analytic continuation in terms of the conserved charges [114-117].

The v/Schw and v/Kerr potential are of great interest on their own, in particular, to better
understand the YM dynamics in a non-perturbative setting. Indeed, stability of these types
of potentials was investigated by Mandula et al. a long time ago concerning the confinement
mechanism [118-121]. For our work, we keep the coupling constant small enough so that the
probe particle does not affect the gauge background. For the v/Schw case we have found an
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analytical solution for any orbit, and for the v/ Kerr case, we have qualitatively discussed the
behavior of the probe particle moving in equatorial orbits. For both potentials, we have found
that massive test particles can move in elliptic, circular, hyperbolic-type, or plunge orbits
depending on the values of the conserved charges. For massless particles, the situation is
similar, but with a surprise: while elliptic orbits are not allowed, and circular orbits become
unstable in v/Schw, there are instead elliptic and stable circular orbits for vKerr. With this
exception in mind, what is striking to us is the similarity between those solutions for both
backgrounds and the time-like and null-like geodesics of Schwarzschild/Kerr [113]. This is
evident both from intermediate stage calculations and from the explicit analytic results. Note
that because of the complexity, we refrain from considering the geodesics of v/ Kerr outside of
the equatorial plane, but it will be interesting to examine our analysis of the most generic
case.

Summarizing, the probe limit contains much information on full two-body problem in
general relativity [122-124], and our results provide another indication that such data is
entirely encoded in the simpler gauge theory dynamics via the double copy map. This is
also supported by previous evidence coming from the derivation of the impulse [112] and the
multipole [56] using double copy techniques. While we have considered only the leading order
contribution in the so-called self-force expansion, it would be nice to understand whether
double copy can help shed light on the higher-order terms in the expansion in the mass ratio.
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Chapter 5

Three-body Effective Potential in
General Relativity

This chapter is based on the published article “Three-Body Effective Potential in General
Relativity at Second Post-Minkowskian Order and Resulting Post-Newtonian Contributions”
[4], written in collaboration with Prof. Dr. Jan Plefka, Dr. Florian Loebbert, and Dr.
Tianheng Wang.

In the study of gravitational-wave physics, researchers focus more on the two-body
problem as it is the major event observed by experiments. One wonders if the interactions
beyond two bodies, i.e., N-body interactions, are significant enough to be observed by future
gravitational wave detectors. For this, we need to have high precision predictions of the
motion of the IV bodies, as well as the radiated gravitational wave. The next level of two
bodies is, of course, three bodies, which is the main concern of this chapter.

The motion of three bodies is intricate already in Newtonian gravity. Generic solution is
impossible due to the chaotic nature of the problem. Only a few families of special solutions
are known, for example, the figure-eight orbits of three equal-mass objects [125-127]. If one
takes into account of special relativistic effects, the problem becomes even more involving.
Moreover, in Newtonian gravity, the interaction of three bodies is merely the sum of the
two-body interactions between any pair of two of the three objects, but in general relativity,
we have genuine three-body interactions which involve all three bodies. which are absent in
the two body limit.

In post-Newtonian (PN) limit, the conservative two-body potential is known up to
4PN [128-139]. Compared to that, few is known for the three-body case in gravity. The
first correction to the Newtonian two-body interaction was derived by Einstein, Infeld and
Hoffmann as early as in 1938 [140, 141]. Damour and Schéfer revisited the N-body problem
in 1987 and found the 2PN contribution to the three-body interaction [142,143]. For N > 4,
even at 2PN there is no explicit expressions for the effective potential. In post-Minkowskian
(PM) expansion, there is no genuine three-body contribution at 1PM [144]. In this chapter, we
will present a formal form for the 2PM potential in (5.13), which depends on a one-loop three-
point integral (5.14). At this order, three-body interaction is sufficient to have the complete
N-body effective action. After the publication of our article [4], a novel method based on
scattering amplitude techniques is proposed to obtain the 2PM effective Hamiltonian [145].
In present, we do not know much about the three-body potential beyond 2PM.

Let us briefly explain the approach we adopt in this chapter. Since we are mainly
interested in the off-shell potential in this chapter, we will employ the effective worldline

65



CHAPTER 5. THREE-BODY EFFECTIVE POTENTIAL IN GENERAL RELATIVITY

formalism. It starts with the same action (1.69) with WQFT introduced in section 3.1, but
we do not expand around a straight line background and consequently we do not need to
integrate out the worldline fluctuations. Instead, we will simply consider weak gravity around
Minkowskian spacetime as usual and integrate only over the exchanged gravitons. This way
can give us a non-local-in-time effective PM potential, in order to verify our calculation, we
also want to compare with known PN results. Therefore, we will perform a slow-velocity
expansion to the relativistic PM effective action. We then present a method to obtain PN
contributions from the 2PM action provided that one knows how the evaluate the critical
family of integrals (5.44).

5.1 Effective Worldline Action

The worldline action for massive spinless compact objects is provided in (1.69). Since we
are also interested in the non-relativistic limit, we do not fix the worldline reparametrization
gauge, but rather keep the einbein e(7) explicit. In this way, it is more convenient to impose
7 =t as the physical time in taking the PN limit. In contrast to the WQFT formalism, since
we are only focused on the off-shell potential rather than physical observables, we will only
integrate out the intermediate gravitational field but keep the worldline coordinate arbitrary.
Expanding the metric in the weak field limit (1.36), and adopting de Donder gauge (1.39), we
can extract the Feynman rules from the perturbative Lagrangian. The graviton propagator
is given in (1.40), and the worldline coupled to a single graviton is

F&\V/ = —ik e(T)u*(T)u” (1), (5.1)

where we use u*(7) to denote the four-velocity. We also need the three-graviton vertex,
which is already given in (1.41). For classical effective action, one should be careful about
the causality structure of the propagator [146]. Let us consider the Feynman propagator in
coordinate space by taking Fourier transform,

_ d*k 1 .
Di' — ik-xij
J / 2m)A k2 +ic "

L —i5(1‘?j) + pv (Z ) ; (5.2)

= 2 _ 2
472 i, — i€ 47 Am2ay,
where z}; = 2} — 2!/, and we have used the distributional identity
lim — L) S ims(y) (5.3)
im =pv |- im .
e—0t Yy e P Y + 4

in the last step. Since our main concern is the classical, conservative effective action in the
post-Minkowskian limit, we only need the classical part of the propagator

1 2

Djj = Re(Dy;) = —E(s(ﬂ%)- (5.4)

We check that it still satisfies the Green’s function identity
ODi; = =6 (). (5.5)
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An alternative expression that is easier to take the post-Newtonian limit is

5(z?) = 5(ct2r— T) n (5(ct2:— 7’)’ (5.6)

where we have separate the time and spatial component of the 4-vector z#, and r = |x| is the
3-dimensional spatial distance. We clearly see that the real part of Feynman propagator is
the average of the retarded and advanced propagator, i.e. the time-symmetric propagator.

5.2 Effective Potential to Second Order Post-Minkowskian

The conservative effective action Seg may then be obtained upon integrating out the graviton
fluctuations,

. ; N ¢(i)
e'LSeff —N/D[hﬂy]€l<SEH+ng+Zi Spm>7 (5.7)

where N is a normalization constant and we have included N different worldlines. In PM
expansion, it can be expressed as

Seff — Sfree + HQSIPM + H4SQPM + (9(/4,6), (58)

where the free particle action is

N
ste= -3 / dr; u? (7). (5.9)

Up to 2PM, the N-body potential only includes contributions from two-body and three-body
interactions. For simplicity, we will drop the upper bound of the sum N in the following. At
1PM, we only need one diagram, which is a single graviton exchange between two point masses.
The full potential at this order includes contributions from any two of the N worldlines. By
simply using the Feynman rule (5.1), we obtain

Kk2GIPM — Z > I%Aal (5.10)

i j#i i
RPmimg [ 5 1 5 2
_ZZ/dﬁdT] o [”—2%%} 8(z35),
1 jFi

where we have defined wj;, := u; - ug, and d7; := e;dr; is reparametrization invariant. At this
order, we do not have genuine three-body interactions. The first three-body contribution
appears at 2PM, and it arises from a Feynman diagram with a three-graviton vertex. In
coordinate space, it reads

37
—,‘Q4/ d 3P(x1(7'1),(1}2(7'2),1‘3(7‘3)), (511)
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where we have introduced the shorthand d37 = d71d7»d73, as well as

8(m1m2m3)_1P(xi(Ti)) 5:7T(4U%2U:2a — dujpuyzugg — u?u%u%)éw%g)é(x%g)

2 u 1.2 2 1 “
+ (u12u3u§ - §u1u2u3u§ + 2u13u23u2ulf)axl,lﬁm,,,lg(g

+ (cyclic). (5.12)

As we will see below, the integral I3s plays a crucial role in obtaining the explicit form of
the potential. We leave the detailed analysis for later. Let us first work out the full $?FM,
We note that all terms proportional to u; - 0, have been discarded. They can be written as
derivatives with respect to the 7; parameters d/dr;. In this case, we can do integration by
parts so that the 7;-derivatives act only on the velocity u; and the einbein e;. The former
yield terms involving accelerations, which, by proper field redefinition of z; (or in other words,
coordinate transformation), can be pushed to the next order in PM expansion, cf. [147]. For
the ones acting on e;, we can use the equations of motion to replace the einbein, which turns
out depending only on the u;, so again the 7;-derivatives give terms with accelerations. In
the end, both cases are irrelevant at second order in PM, and we will ignore terms involving
u; - Oy, throughout this chapter.

In addition to the genuine three-body interaction (5.11), we also need to include the
two-body contributions to complete the N-body action at 2PM. One could in principle
draw a two-body diagram with one three-graviton vertex and use Feynman rules to obtain
the result, but due to the similarity between this diagram and the three-body one (5.11),
there is a simpler and faster way to do so. This is achieved by just identifying two of the
three worldlines in (5.11) and then multiplying it with a symmetry factor 1/2. Moreover,
propagators that have both ends on the same worldline vanish in dimensional regularization.
Therefore, the full 2PM N-body potential thus becomes

1 [ d3%
2PM
§2PM 6/ (g 2 P (n). (). () (5.13)
3,5,k
where the sum Z;Jk runs over 4, j,k =1,2,3,..., N but excludes i = j = k. The factor 1/6
is included to remove the over-counting by the sum.
As mentioned above, the integral

s = [ dtaod(ad)6(a)3(s8y) = (5.14)

is of central interest in (5.12) for the three-body contribution to the effective potential. In this
chapter it arises as the one-loop three-point integral in coordinate space (solid black diagram).
Alternatively, it can be understood as the generalized maximal cut of the momentum space
triangle integral (green dashed diagram) expressed in terms of region momenta z;, which
maps to the dual momenta R; via

R;-L =zt xt

ot (5.15)

Moreover, I35 may also be obtained from a generalized cut of the four-point (box) integral in
the limit where one point is sent to infinity. The box integral is invariant under a Yangian
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algebra, an extension of its well-known conformal symmetry [148,149]. As such, in the
region RJQ. < 0, the integral is given by the minimal transcendentally solution of the Yangian
constraints found in [150] (modulo a piecewise constant):

C
Iss = —, 0% :=(Ry - Rs)* — R3R3. (5.16)

Note that due to Ry + Ro + R3 = 0 this representation is not unique and one may pick any
two R;’s to define o2. In regions other than RJQ- < 0, we need a more systematic analysis.

5.3 The 30 Integral in PM expansion

We will follow Westpfahl’s way of evaluating the I35 for the retarded propagator [151], and
generalize his approach to the case with Feynman propagator. In fact, when RJQ- < 0 for all
j =1,2,3 the expression (5.16) can be compared with the result of [151] to fix the constant
C(o? >0, R? < 0) = w/4. However, for generic kinematics, one needs to carefully divide
the whole kinematic space into several regions and compute the integral in each of them
separately. Interestingly, a detailed calculation shows that the value of the integral depends
on the sign of —o2, which may be seen as the square of the area of the parallelogram spanned
by 1,29, x3. It characterizes the space M spanned by these three points:

1. 02>0, M is 2D Minkowskian,
2. 02 =0, M isa 1D straight line,
3. 02 <0, M is 2D Euclidean.
The explicit calculation performed below yields
1. 02>0, I35= %@(—R%R%Rg),
2. 02 =0, I35 diverges,
3. 02 <0, I35 0(R3).

Here © denotes the Heaviside step function defined as

1, for x>0,
O(z) =< 2i, for z=0, (5.17)
0, for z<0O.

We now explicitly evaluate the I3s integral for these three cases, generalizing the computation
of Westpfahl [151] for the three-point integral with retarded propagators.

The case 0 > 0. We choose four basis vectors Rf, R, &', €4 such that we can express the
integration vector as

zh, = TRY + TRY + r(cos &} + sin &), r>0. (5.18)
Here {£1,&2} denotes the (orthogonal) unit basis of the perpendicular complement of M:

éi . R]’ = 0, éz . gj = —(51']', for i,j = 1, 2. (519)
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In these coordinates, the integration measure reads

d'zy = Lodrdrdride, (5.20)
and the integral simplifies to
dirg , , RIRIR? R2R; Ry R2R; R
—= )T ——— 0| T+ ————|. 5.21
/ 402 (5(7“ + 402 ) 4 202 T 202 (5:21)
This straightforwardly yields
I35(0% > 0) = %@ (—RZR2R2). (5.22)

Hence, we conclude that in the region o2 > 0 the piecewise constant in (5.16) is given by
Clo? > 0) = %@ (- R2R2R2) . (5.23)

Note that since §(z3;) is the Green’s function of the d’Alembertian, see (5.5), the above
integral I35 satisfies

R Iy = 4md(a%)3 (7). (5.24)

In the region 02 > 0 this is guaranteed by the Heaviside function in (5.22); dropping the
O-function in (5.22) would yield a vanishing result as 920! = 0.

The case 02 < 0. In the region where 02 < 0, we can span z-, as
01
zy, = tT" + TRy + TR 4 réh. (5.25)

Here T* and & denote again unit vectors that are orthogonal to each other and to R, RY,
with T# being time-like and & space-like. The volume element in this coordinate system is

d*zg = v/ —o2dtdrdrdr, (5.26)
and the integral becomes
I35 = / d*zo 6(t* + (TRY + TRE)? — 1%)0(27Rs - R3 + (27 + 1)R})

x 0(27Rs - R3 + (27 — 1)R3)
N/ g2 2 P2 P2
=Y /dtdr6 <t2 —r2 e R1R2R3)

- —402 402
1 oo dr
B - — 0. 5.27
4\/ —02 /oo \/T’2+1 ( )

Hence, for 02 < 0 the integral diverges.
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The case 0> = 0. Finally, for 02 = 0 the surface spanned by the vectors connecting z1, zs
and x3 degenerates into a line. We define the unit vector on this line as Rf, and we set
R!" = w;RY,. Depending on the nature of this line one finds different expressions as follows.
For the line being time-like we have

zhy = TRE + 1 (£ cos + &5 sinf cos ¢ + &5 sinfsin¢)
d*zg = r? sin 0drdrdode, (5.28)
and thus

I35 = /d4m0(5 (72 - r2) 0 (wg + 27w3) 0 (w% — 2Tws)

_ Joo wiwaws = 0, (5.29)
0  otherwise. '
For a space-like line and with T-R,, = 0, we have
xly =tTH + TR 4+ 1 (&) cos§ + &4 sin ),
d*zg = rdtdrdrds, (5.30)
which implies
I35 = /d4x05 (t2 + 72— 7"2) o (wg + 27w3) 0 (w% — 2Tws)
_ Joo wiwaws = 0, (5.31)
0  otherwise. .
And finally for a light-like line with T'- R,, # 0, we obtain
zhy = tT* + 7RE + 1 (€} cos + &5 sin ),
d*zo = /(T - R,)? — T?R2rdtdrdrdd, (5.32)
such that
I35 = / d'zod (% + 2t7T-Ry — 1°) 6 (2twsT Ry,) 6 (2twsT - Ry,)
~ /dT&(O) = 0. (5.33)
Hence, the result for 02 = 0 may be summarized as
Is5(0% = 0) ~ 6(R}) + 6(R3) + 6(R3). (5.34)
In total we thus conclude that the 3§-integral can be expressed as
7> O(-RIR3R), a? >0,
Iss = ¢ ~ §(R?) + 6(R3) + §(R%), o?=0, (5.35)
0, % < 0.

We note that when using the result for 62 > 0 it can be useful to expand the theta-function
according to

© (—RIR3R3) =+ O (—R})© (-R3) © (—R3) + © (—Rj) © (+R3) © (+R3)
+0O (+R}) O (—R3)© (+R3) + © (+R}) © (+R3) © (—R3).  (5.36)
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5.4 Post-Newtonian Expansion

In this section, we want to provide tests of the above expression for the full 2PM effective
action against known results in the PN limit for the three-body potential. For this we first
get rid of the einbein by solving the equation of motion 65 /de; = 0 for e; perturbatively up

to order k2:

J#i

K2m; 1
+ Z/dT] ” \/367 <u12] 2u3u3) + O(k%). (5.37)
ui 7y Jubu?

Plugging this solution back into (5.8) and expanding to order k* yields the 2PM effective
action free of the einbein.

In order to do the PN approximation, it is convenient to fix the gauge 7, = t; =
coordinate time. As explained in section 1.4, we have
v; K
_ (1, J) RN (5.38)
c c

Additionally, we need to expand the derivative with respect to the coordinate

3} o 0
ol (cati’ 8){1) : (5.39)

For convenience, we also rewrite the PN expansion of the propagator for ¢ ( ) according to
(5.4) and (1.46),

dPk o & (=102 ()
2\ _ ik ti 0L
6(z3;) —477/ (27r)De agzo Za(i2)at (5.40)
6(ti—t;) 1y T a2 a2 —4
=) 0 0,01,0(0 — 1) + 5 LR OR At — 1) + O )
ij

5.4.1 1PN Expansion

Let us now have a first test of the 2PM potential at order 1PN. Using the PN expansion
given in (5.38) and (5.39), we see that in P(x;) of (5.12) only the first line contributes to
leading order in ¢~ !:

S PGy = = T SN (0 )5(a) + O ). (5.41)

i,k J#i
2¥8 ( kti

A propagator with both ends on the same worldline is vanishing in dimensional regularization.
This allows to rewrite the sum as >3 — >33, 1 in the above formula. The non-
relativistic expansion of the propagator (5.40) at 1PN localize the time integration. After
some rearrangements, we find the 1PN three-body effective action

1 7 7,2 G 11y % G 7
5= 3 fafom 5 (e X S Sty S

JFE ki
4 Z Gmf?'nj <6v?—(nij'vi)(nij"’j) —Tvi- Vj))} ) (5.42)

where we denote n;; := r;; / r;; as the unit vector pointing from x; to x;. This result agrees
with the well-known 1PN expression [152].

72



5.4. POST-NEWTONIAN EXPANSION

5.4.2 Integral bootstrap

At order 1PN of the effective potential, only the first line of the three-body contribution
(5.12) is needed. Proceeding to order 2PN, we have to take into account the second line as
well. This requires to evaluate the PN expansion of the second order derivatives (9# O{ I35 of
the three-delta integral (5.14). Naively, since we have already calculated I35 in the PM limit
(5.35), we could simply apply the derivatives to it and then perform the post-Newtonian
expansion. One thing we need to clarify is which kinematic region is relevant. As we have
seen at 1PN (5.42), the time integration is localized by the 7-delta functions, so we expect
the same to happen at 2PN. This means that the three points z1, 2, x3 in the I35 integral
are on the same time slice of spacetime. Based on (5.16), we can easily see that we are in the
region o2 > 0. However, as outlined in detail in appendix B, even though we consider only
o2 > 0, the second order derivatives still produce lengthy expressions in terms of Dirac delta
functions and their derivatives which are difficult to control. Therefore, we will instead take
a different approach which is performing the non-relativistic expansion directly on the level
of the integrand of I35 and applying the derivatives afterwards. For convenience of the reader
we briefly summarize the below strategy: First, we will show that expanding the integrand of
I35 leads to the family of key integrals given in (5.44). We will then use the Yangian level-one
symmetry of these integrals, i.e., invariance under the differential operator (5.46), to obtain
the differential equations (5.49). Finally, we explicitly demonstrate how these equations are
solved in the form of (5.52), which results in the expressions for the dimensional-regularized
integrals that enter into the effective potential.

Using the PN expansion of the propagator (5.40), and expressing it in coordinate space
(1.47), we can write the key integral I35 in the PN-expansion for general spatial dimension D
as

o (_1)a+f3+’Y Fdl“él“@

I35 =
a,%:O (2@)2(a+5+7)7r3(D/2*1) I‘a+11“5+11“7+1

>g/dm@?&mn@?&mﬂ@?&m@L?WJiﬂ. (5.43)

Here, I'y = I'(a) denotes the Gamma-function. We have used the shorthand & = D/2 —a —1
and have introduced the following family of integrals:
D L dDXO

Blowan ol = [ e
Note that we are now in pure Euclidean space. These integrals represent the nontrivial
central input for the above expansion (5.43), and we will now discuss how to compute them.
Notably, in [153] the integrals I2[a;, as, as] for generic propagator powers a; and spacetime
dimension D have been expressed in terms of Appell hypergeometric functions Fy, which
converges for small values of the effective ratio variables ri2/r13 and 793 /r13. In the present
situation, we would like to avoid making assumptions about these ratios, which would imply
a limited validity of the resulting effective potential. Moreover, note that here we are merely
interested in the special case of half-integer propagator powers a; in three dimensions, which
satisfy the condition

(5.44)

D
a1 +as +az < 5 (5.45)

In particular, this condition implies that the integrals of interest are divergent in strictly three
dimensions, and we thus consider their e-expansion around D = 3 in dimensional regularization.
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Importantly, these integrals are accessible via a bootstrap approach, cf. [150,154]: they feature
a non-local Yangian level-one symmetry, i.e., they are annihilated by the differential operator

k—1

.3
Z (P“DkJrPWL“” (¢ k ) + Zs] (5.46)
k: 1j=1

where we have used the following representation of the momentum, Lorentz and dilatation
generator of the conformal algebra:

Pt — il
L = i:réf@;j — iz ok, (5.47)
Dj = —Z'.%'juagj — 1.

The so-called evaluation parameters s; entering the definition of the level-one generator pH
n (5.46) take values [155]

1
{s;} = §{CL2 + a3, az — a1, —ay — az}. (5.48)

Notably, in a dual momentum space, introduced via the transformation (5.15), i.e. R; =
Zjy1—Tj—1, the level-one generator P translates into a representation of the special conformal

generator [154]. Invariance under pr implies two independent partial differential equations
(cf. [150] for the PDEs in terms of ratio variables)

Ayl =0, Aol = 0, (5.49)
with the second order differential operators
Ay =+ 112(0p — 2a2)0r,, — 27127230y, 0pgy — T1271305,, (5.50)
+ 713(Wp + 2a3)0ry, — 2T%28T12 Oy — 7”127"1387,12, .
Ay = +r12(@0p + 2a1)0yyy — r1272307

2, — 123(Wp + 2a3)0p,, + 11272302, .

Here, for the conformal weight of the integrals (5.44), we have introduced the abbreviation
wp = D—2(CL1 +a2+a3), (5.51)
and wp = wp — 1. For D = 3 — 2¢, we make the following ansatz for the e-expansion of the
integral I3, which is inspired by [156]:
A
WL = -+ B+ Clog (W> +0(e). (5.52)
€ K

Here 1 denotes some mass scale and A, B, C represent polynomials whose form is constrained
by the scaling of the integral:

w3 w3—j

w k
X =35 i ek (5.53)

7=0 k=0

For X € {A, B,C} the constant coefficients of the polynomial are denoted by f](,i() We note
that the polynomial B can always be shifted by a term proportional to C' via a modification
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5.4. POST-NEWTONIAN EXPANSION

of the mass scale u. The below results are thus to be understood modulo such a shift. As
the coefficients of 1/e and log 1 are correlated in the e-expansion of (5.52), we must have
A = —C, which we also find from the bootstrap arguments.

The solution of the homogeneous differential equations (5.49) will depend on some
undetermined constants. In general, these can, for instance, be fixed by comparing a
coincident point limit of the solution with the following well-known expression for the
two-point integral, cf. e.g. [157]:

D r pl'p I'p
/ d o 71'% a1taz—3 " F—a1" T—a2 T,D—Qa1—2a2 (5 54)
- 12 : :
.’L‘(Q)(IHZC(Q)SZ FalragFDfalfag

However, for the lower propagator powers considered below, some of the arguments of the
Gamma-functions will actually be zero. It is thus useful to note that the Laplacian acting on
leg 1 of the integral generates a recursive structure on the above integrals, e.g.

Allg[al,@,ag] = 2&1(2&1 + 2 — D)Ig[a1 + 1, as, (Ig], (555)

and similar for legs 2 and 3. This equation can alternatively be used to relate the undetermined

coeflicients for integrals with negative propagator powers to the leading-order ‘seed’ integral
I3[5:3:3)-

In the following, we bootstrap the integrals contributing to the leading terms of the
non-relativistic expansion (5.43) using the level-one Yangian PDEs (5.50). We have compared
the expansion of the below results for small ratios r12/r13 and r93/r13 to the expressions in
terms of Appell hypergeometric functions given in [153] finding full agreement, see also [154]
for our conventions. The following integrals serve as input for the three-body effective

potential via (5.43) and (5.12).
Order ¢”: At leading order, only one integral .[3[%, %, %] contributes to the expansion (5.43).
The finite part of the e-expansion around D = 3 is already known since 1970s by Ohta
et. al. [156]. Here we evaluate the integral by solving the PDEs (5.50) with the ansatz (5.52),
which yields
_ b r12 + T3+ 1
i 0 [ 44] = gt~ batog (M2EEE) o), (5.56)
€ I

where b1,bs are integral constants. They can be fixed by taking the coincidence two-point
limit where x9 = x; and comparing it with (5.54),

b1 = b2 = A4r. (5.57)

Note that we neglect a additional finite constant that can be shifted by changing the mass
scale p.

Order c=2:  Analogous to the above, at next-to-leading order we need to evaluate I3 [%, %, — %]
The e-expansion of the integral is again obtained by solving the PDEs (5.50),

—2¢ 11 1 (T%z - 7"%3 - 7“%3)
p s [57 2> _5] =—-cC 9% + C{(le —1r13)(r12 — 723) (5.58)

+ O(e).

192 +7113+ 7T
+ (rfy — 13 — r33) log (M)}
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Here we can verify the relation A = —C' in the ansatz (5.52). Again, the finite part is defined
modulo the polynomial in the divergent 1/e contribution. The constant ¢ can be fixed by
comparing with the two-point function as before. Alternatively, we can also fix it by applying
the Laplacian on leg 3 to the integral

6¢

N T ey (5:59)
and using the recursion relation (5.55),
Aals[3 4= = 2= 205 [ 3., (560

Note that due to the uncertainty of the finite part, the equation holds only up to a shift by a
constant. Comparing the right-hand sides of (5.59) and (5.60), we fine the relation between
c and the constant by, bo,
bl b2 2T
C== —= — = —,
6 6 3
The result (5.58) will be employed to obtain the novel contributions to the 3PN three-body

G2m3v?
c8r2

(5.61)

effective potential, which scale as , see subsection 5.4.4.

Order ¢ % We would like to demonstrate that the above bootstrap approach can be easily
applied to higher orders. For that, let us consider order ¢~ of the non-relativistic expansion
(5.43). We see that two integrals 13[—%, —%, %] and 1'3[%, %, —%] are relevant. However, the
contributions to the 4PN effective potential which need these integrals are too lengthy to fit
in this thesis, so we will not evaluate them. Solving the partial differential equations (5.50)

with the ansatz (5.52), we find that the polynomials read

1 2
A [_%’ _%7 %] =d <_3Til2 + (13 —133)" — 57“%2(7“%3 + 7”%3)) ’ (5.62)
rd 1
Bl—3%,—%, 3] =di <T12 (r13 —r23)® (r13 4 723) — % - 37"?2 (113 + 723)
(5.63)

+ 713793 (r13 — 723) 2 — %T%Q (5ri5 — 3ri3ras + 5r3s) );

as well as
Alg, 3, =53] = do (27"%2 (rfs +133) —rly —rly — 135 — %T%grgg)a (5.64)
B[%, %’ *%] =ds (47;112 - 7”137"33 + 37"%37"33 - T?3T23 - 7“:152 (113 + 723) (5.65)

r
—r, (27"%3 — 793713 + 27"%3) + % (57"?3 + 3rogris + 3ragriz + 57“33) )

Again, the overall constants dy, ds are fixed by matching to the coefficients for the integral
(5.58) via the recursion (5.55), which yields,

T 3T
g = __ 3T 5.66
ETO) ENT) (5.66)
Note again that the polynomials B[—%, —%, %], B[%, %, —%] are only defined up to a shift by

the corresponding A due to the arbitrariness of the mass scale . This is sufficient to generate
the 4PN order G2 contributions to the three-body potential.
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5.4.3 2PN Expansion and the Two Body Limit

With the integral (5.56), we can now move on to compute order 2PN of the effective potential
following the same way as the 1PN order in 5.4.1. Since the potential in (5.13) includes
both the two-body and the genuine three-body interactions, it is convenient to treat them
separately. For this purpose, let us decompose the sum as

IBEDI) 3 SETO B S NI o7

i3,k i j#i k#Fig i g

where the first term on the right-hand side accounts for the three-body interaction and the
remaining terms are the two-body interactions. We will compute the summands for different
indices i # j # k. The two-body case can be obtained by simply identifying two of the
three indices. However, there are two difficulties in this process. The first one is that some
denominators will be vanishing in this limit, such as 1/7;;|;=;, which will lead to divergence
expressions. To tackle this problem, we propose to regularize the divergences as

1
—| = (5.68)

Tiglj=i

This is consistent with the fact that propagators with both ends on the same worldline should
be neglected in dimensional regularization. The other difficulty is that the unit vector n;;|j—;
is indefinite in the two-body limit. To solve this, we develop the following mapping from
three-body to two-body interactions. Firstly, terms of odd order in n;j|;—; are vanishing due
to the anti-symmetry in the indices. Secondly, for terms quadratic in n;;|;—;, we adopt the
prescription:

N Vo Nij-Vgl,_; = Vo Vg (5.69)

This means that practically, if the identification of indices yields a term that is quadratic
in n;;|;j=; and includes a factor on the left-hand side of (5.69), we replace this factor by the
right-hand side. This mapping is justified by the perspective of dimensional analysis and
symmetry considerations, and more importantly, it reproduces the correct potential at 2PN
as given in the literature. Further more, at 3PN order that will be discussed in the next
subsection 5.4.4, we will encounter terms that are quartic in n;;|;—;. For that, we also present
the mapping rule here

N;j Vo N Vg NV, Ny Vo — Va'VBV, Vo + VeV, Ve Vg+ Ve Vevg-v,  (5.70)

j=i

To obtain the effective potential, we need apply the double derivative to the integral
(5.4.4). We note that the e divergences naturally drop out as expected. This property is
conjectured to be true to all orders in the PN expansion. At higher orders, the polynomial
of the divergent part will be of higher degrees, but we also have more derivatives in the
PN expansion (5.43) to cancel the 1/e term. We explicitly verify it in the 3PN calculation
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of 5.4.4. From (5.12), we can easily compute the 2PN effective action,

dt (m;v9 Gm;m; 9
SZPN:Z/CG{ T 16;; [3(nij'vz)2(nu V)2 —=6mi5-v;nj-v; v —2 (ni5-v5)° vi
A

m2 2 2
133 (ny; - vig)* = 17v3 ]

+3VZ‘2 V]2~-|-2 (Vi-vj) 2()V Vi vi+14v; ]4_2272

JF#i

Gmmmk 1 9 9 9
+§§ et [Tijrik(zx(n,j-vj) +18vZ — 16v2 —32v; - v, +32v; - vy)

1
2 2
+ oy (14nik‘vk n;;-vy — 12n;-vin-vi + 00, (0, ve)” — ng;-ngg, Vk)
ij

n;;—1n) Vi
+ E E G mlmjmk[ 2(nij ~1jk)Viy 5 (4 (ij + 1) v + (g + 05g) Vi)
porimg (rij + rik + 7jK)?

9 (n,-j'vij)Q — 9Vz‘2j + 2 (nij-vik) —
Tij (Tij + Tik + Tjk)

2 v?k 3
} } + G” x [static term], (5.71)

where we have defined v;; := v; — v;. Note that we have implicitly pushed terms that involve
accelerations to higher orders in PM expansion via a field redefinition of x. Up to the static
term proportional to G2, which we do not have accessed to since it is in the next order in PM,
we have checked that our result against the literature [142,158]. And we find full agreement
after adding a total derivative term. This also serves as a test for the integral I3 [2, %, %]
(5.56) that we compute from solving the level-one Yangian PDEs.

5.4.4 Contribution to 3PN

In this subsection, we compute the novel contribution to the 3PN N-body effective potential
from the 2PM order, which scales as G?v* and includes both the two-body and genuine
three-body terms. In addition to that, we also have the G'v% terms that stems from the
1PM potential (5.10). Due to the complexity of the final result, the full 3PN action can be
formally expressed as

3PN _ Z/ {128m’ V84 L?P%V +LE%P) + L?pr + L?Bl)\l} + O(G?). (5.72)

Analogous to the 2PN potential (5.71), here we do not have the terms at order G, which
require two yet unknown four-point integrals at one and two loops. Further more, to have the
complete 3PN N-body effective action, the G* contributions should also be included, which
are out of scope of this section. For the terms from 1PM and 2PM, we have classified them in
(5.72) based on the power of G and the structure of summations. The terms linear in G are
from the PN expansion of the 1PM action and is collected in L:()’Api\l, which explicitly reads

Gm;m;
L?%\I = g 32; J [3 n;;-v; (n;; - v]) (2 VZ-QIIZ']'-V]‘ + 6vZ2 n;j-v; —5vj- anij-vi) (5.73)
7 Y 2 2 2.2 4
+ 1N ving-v; (10 (vz-~vj) +8V;Vviv; —dV; Vi — 14v4)

+2 (ny-v;)*v? (5vi-v; —3v ) —6viv (nU vi)? + 16 v} v2 +2(vi-vy)?

412 VZ-2 (Vi'Vj)Q — 19Vz2 v]2~ ViV — 34V;1 ViV 422 v? -5 (nij-vi)?’ (nij-vj)?’}.
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As before, we added a total derivative as given in (C.1) in appendix C to reduce the expression
to the above form, and implicitly a field redefinition is adopted to push accelerations to next
order in G. For terms quadratic in GG, we separate them to L?gl)\I, L:(SCP%\I and L:())gl)\I according
to the structure of summations. The two-body interactions of the second line of (5.12) gives
rise to L3EN | which reads

(B) ’
L3EN —ZGL (—200v;v;+167v;+66 V) (n55-v;)* — 98 (vi-v;) 2 (5.74)
(B) — 47"2 ] ij " Vi i'Vy .
J#i N

-2 (99v —|—64v —130v;- V]) n;;-v;n;-v; +96V + 96v ViV
— 44 (Ilij"Vi — Ilz'j-Vj) 2 (2 (nij-vi) 2 + (Il,'j-Vj) 2) + Vi (134 Vi'Vj — 49 ij)
+ (657 — 128viv;) (myovy) ® = 51v] - 32vi].
Furthermore, we collect all the contributions from the first line of (5.12) as well as from

field redefinitions and total derivatives that are used to remove accelerations in L?pr. Note

that the contribution from the first line of (5.12) can be explicitly written in the form before
taking derivatives

1
Lt i) = D G2m,-mjmk{ Sria [2 v2(32vi vy +16v; vy — Tvi—9vi)  (5.75)
j#i ki !

+ V? (sz — 20V]2~ + 16vj-vk) +32v; v (Vi-Vj — ViV — 2Vj‘Vk)}

re
+ (V? — 3v]2- —3vi+ 8v;-vy) (vk-(?xk)22;f
ij
3
TiiTik T

After evaluating the derivatives, L?gﬁ\l is expressed as

G*m;m;m 1
?CPT = ZZ . j k{ [2 (nij-vj)Q (16 v;-v;—18 Vi2_32 V- VE+12 V?_(nik'vk) 2)
i#i ki rigTik
+64v;-v; (2 (n,»k.~vk)2 + ViV — 2V Vv — V5 ) + 16v (8v] Vi — 2v —2v,€ (n-vi) 2)

+16v2 (3v +2v;-vg — 10v;v;) — 6 (ng;-v;)* + 96 (vi-v;) 2 +49VZ-]

+ [20 (nlk Vk) 3 (nij-vi — nij-vk) — 3nij'nik ((nz-k-vk) 2 V%) (3 (n,-j-vj) 2 + 8VZ'-Vj

1
37 2
+ (nik'vk)2 + 21V Ny Vi + 6 Vv — 5VE — 4v32» —4v7)
+6 ((mge-vi) 2 = vii) (3n4-v nigevi — 3m5- v, Nige- vy — 30 Vi Dy Vg + 4050 vi g v
R nik'Vi) + 6n- vy [nij‘vk (19 V;-Z + 28vj2~—56 Vi v;j—2vi-vi—21 (n;-vj) 2)
+2n;-v; (11v] = 12vF — 23vi-vp, + 28v;-vi + 9 (ng5-v5) ?)
+6n;;-v; (6vi'vj +7vi~vk—6vi2—7vj~vk)]

+ 18 Vz n;p- Vg (5 n;;-vi — 4nij-vi)} } (5.76)
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The term L?’gl)\I contributing to (5.72) stems from the genuine three-body interactions from

the second line of (5.12). Formally, it can be written as derivative operators acting on the
integrals I3[, 3, 3] and I3[, 1, —1],
3PN G2 mimmy 22
LIPY =30 3 T (6w 4vE = 8vievy) (Vei- 0, (Vi )
JFik#ij
+ (8vE—4vE) (vii-0n,) (Vi 0u))| ol 3. £, 3] (5.77)

+ (Vi O)” | (Vi 0r) (Vg O, )+ 2V O,) (Vi)
(500, (Vi ;) + 8V 0, ) (Vi -0, | I3, 5~ 3]}

To take into account the permutation of particles, we denote the external points as i, j, k,
so the integrals I3 depends on them rather than the labels 1,2,3 as in subsection 5.4.2.
The expressions of the integrals 13[%, %, %] and 13[%, %, —%] as given in (5.56) and (5.58),
respectively. For convenience we display them here again:

,LL_QEIB[%7 %a %] = ?7'( —A4r 10g <W> + O(E)a (578)
2 2 2
o 27 (T3~ Tik — Tk
ity b= -2 R s

By taking the coincidence limit where two of the three bodies are identified, we can reproduce
the two-body contributions (5.74) with the prescriptions presented in (5.68), (5.69) and
(5.70). The result is independent on the dimensional regularization as the 1/e-poles and the
mass scale p drop out after taking the derivatives in (5.77). This is necessary for physical
quantities and serves as a test of our calculation. We check that it is true at least up to 4PN
order. Due to the complexity, we present the expression for L?gl)\I after taking the derivatives
in appendix C.

We thus have all the contributions of order G? given in (5.72) to the 3PN effective
potential. In principal, we could follow the same procedure to compute contributions that
scale as G202 to higher PN order from 2PM. The two integrals we need at next order of the
expansion are already given in subsection 5.4.2. However, as we have seen in this subsection,
the final expression at 3PN, especially the genuine three-body contributions (C), is already
very complicated. Therefore, we refrain from explicitly calculating higher-order contributions
of the PN expansion.

5.5 Comments on the three-body problem

The integrals IP[a1, az, as] (5.44) with half-integer propagator powers ay, as, ag are critical
in the computation of three-body PN potentials. There are various way to evaluate them.
For example, in this chapter, we show a bootstrap approach based on the Yangian level-one
symmetry in subsection 5.4.2. Another way is the Mellin-Barnes methods, which yield a result
expressed in terms of Appell hypergeometric series Fy that is valid for generic propagator
powers [153]. However, this formula is inapplicable to the case we consider in this chapter
because the F; functions converge only if r19 + 713 < re3, which is outside of the physical
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region in Euclidean space. Alternatively, one can use the so-called method of regions, in
which the integrals are computed as a series expansion in the limit where two of the three
bodies are close to each other [145]. Given its important role in obtaining the PN potential,
it would be great to have a generic closed form for Ié) with arbitrary half-integer propagator
powers. Yet, to the best of our knowledge, no such formula is known in the literature. We
leave that for future researches.

For N-body potential at higher order in PM, we will need similar Feynman integrals at
higher loops. For example, the two-loop integrals with a internal massless propagator will
show up at 3PM

Dy 1D
| (580
(1) ™ ()2 (x3)P (35328 (x54) 4
where a1, a9, as, aq, b are positive half integers. Computation of these integrals is the main
obstacle in obtaining higher order PM and PN results. The leading contribution with
ap = as = ag = ag = b = 1/2 gives the static terms in (5.71) which completes the 2PN
effective potential. Generically, at nPM we need a family of (n — 1)-loop integrals with n — 2
internal propagators. Evaluating these integrals is challenging, but modern Feynman integral
techniques such as the ones we introduce for the three-body 1-loop ones could provide novel
perspective to attack the problem.
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Chapter 6

Summary and Outlook

The color-kinematics duality and the double copy relation present a novel insight on con-
nections of various classes of theories, revealing aspects that are obscure by looking at the
Lagrangian or the Hamiltonian. They are well-studied for scattering amplitudes and have
been used to translate results between gauge and gravity theories. It is well-known that the
duality relation applies to many other classes of theories and beyond scattering amplitudes.
Therefore, it is promising to consider some extensions of the pure YM /gravity double copy
that can be applied to high precision prediction in gravitational physics.

In this thesis, we study several approaches of incorporating massive particles into the
gauge/gravity story, which model the dynamics of heavy (charged) astronomical objects such
as black holes in the corresponding backgrounds. Chapter 2 examines the quantum aspects by
considering the double copy of tree-level scattering amplitudes of massive scalar fields coupled
to Yang-Mills theory. We conclude that the emerging theory accounts for heavy spinless
particles coupled to the N/ = 0 supergravity in a minimal way, with additional short-range
self-interactions. In chapter 3, we move to the pure classical setup by using worldlines to
describe massive matters. We propose a double copy prescription for the eikonal phase in
bi-adjoint, YM, and dilaton-gravity background, and check it explicitly up to next-to-leading
order in the coupling constants. Chapter 4 considers the probe limit of the two-body problem,
which has the privilege of being able to solve the equations of motion non-perturbatively.
As an extension of the classical Kerr-Schild double copy, a mapping relation between the
conserved charges in YM and gravity background is discovered (4.9). Aside from the double
copy relation, in chapter 5, we also obtain the three-body potential in general relativity
directly from an effective worldline formalism. We formally present the 2PM integrand and
provide a way to extract PN contributions by explicitly calculating the G2v* terms.

Based on these projects, there are many interesting directions to explore. For example,
we could incorporate spin effects into many of the aforementioned projects, so that they
can be applied to some astronomical objects such as Kerr black holes or neutron stars. In
perturbative double copy in chapter 2 and 3, it is desirable to have a systematic way to
remove the dilaton and the two-form in the resulting gravitational theory in order to describe
real-world physics. Moreover, the double copy of the conserved quantities of geodesic motions
is built upon the non-perturbative Kerr-Schild relation, which is distinct from the scattering
amplitudes story. Understanding the how these seemly different methods related to each
other will deepen our understanding on the duality between color and kinematics. Besides,
we would also like to push our calculation of the N-body effective potential to higher orders
in PM and PN expansions.
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Surprisingly, the color-kinematics duality extends to theories that have no obvious
connection to gauge or gravity theories. They are connected by the double copy relations
and form a “web of theories” [39,40]. This striking fact implies that there are nontrivial
constraints shared by these consistent theories. Understanding these properties may help to
unravel the true nature of the double copy.

Many attempts have been made to generalize the notion of double copy beyond quantum
scattering amplitudes, but it is not yet clear how far this extension can reach. In 4-dimensional
Einstein gravity, classical solutions that display double copy structures have been extended to
Petrov type D. However, since metrics are dependent on the choice of gauge, an appropriate
coordinate system is required to expose the structure, and this is highly non-trivial. Similar
properties of classical solutions are also found in more general setups, such as in three
dimension and in (A)dS spacetime. It would be very interesting to see how general this
classical double copy structure can be.

Verifying the color-kinematics duality at higher loops is also very important. Although
there are many progress in this direction, and we have the Kerr-Schild double copy that
works as an non-perturbative example, it still remains a challenge to have an all-order proof.
One possible way to do so is to expose the double copy structure already at the level of
Lagrangian, using techniques such as double field theory. However, because of the gauge
dependence and the off-shell nature, it is tricky to find a way to express a Lagrangian that
features factorization of the Lorentz indices. One might need to construct it order-by-order,
and even need to introduce auxiliary field to localize the interaction terms.

It is also essential to understand the algebra that governs the kinematic BCJ numerators.
This is firstly understood for the self-dual sector of YM theory, where the algebra is identified
with the area-preserving diffeomorphisms [159]. Recent progress has found a way to generate
all tree-level BCJ numerators, either from a heavy-mass effective theory [160] or from the
equations of motion for field strengths and currents [161]. The kinematic numerators is
related to a quasi-shuffle Hopf algebra. Further research of the properties of this algebra is
desirable.

It is still promising to apply QFT methods to computation in gravitational-wave physics.
Gravitational scattering amplitudes at tree-level are obtained via double copy to construct
higher loop contribution to PM amplitudes [45,162]. However, it is desirable to attain loop
amplitudes directly from the double copy. This requires to remove the additional dilaton
field, which is not yet clear.
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Appendix A

Circular orbits for the spinning YM
potential

The goal of this section is to recap some basic notions of some linear algebra that are useful to
understand the nature of the roots of a third and fourth order degree univariate polynomial,
which are useful to solve the geodesic equations. For the polynomial

Mt 4+ Aoz 4+ A3z? 4+ Mz + A5 = 0, (A1)
the explicit roots are given by
A2 1 q
=2 S+, [-452 -2+ =
T2 =T o 2\/ St g
A2 1 q
=2 484+, /-452—2p— =~ A2
AT T T 2\/ (s (A4-2)
where we have defined
 8A\A3—3X3
o 82
A — AN os + 8N
7= 8A7
1/ 2 1 Ag
S:=_y[-Sp+-—— =
2\/ 3P 3, <Q+ Q)
o \/ Ay + /AT QA
' 2
Ag := A3 — 3\ + 120 )5
A= 2X3 — 9oz hg + 270305 4+ 27TA N3 — 720 A3 )5, (A.3)
It turns out that if the discriminant [163]
1 3 2
A= > (4A5 — A7) <0, (A.4)

then the equation (A.1) has two distinct real roots and two complex (conjugate) roots. In
the particular case A1 = 0, we can use the reduced discriminant Ag

Ag = A202 — oA — 40305 + 180 s\ — 27TA2A2 (A5)
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which is positive when the third order degree polynomial has three real roots and negative
when it has one real and two complex conjugate roots. We can apply these tools to find how
many real solutions we have for the x variable in the case of circular orbits in v Kerr. Using
from the polynomial equation (4.56) where

A1 = mu
Ag = 4aLcritmu2 (a2u2 + 1)
A3 = —L2,mu (a2u2 + 1) — 2a’mu

A = 4daLesm (a2u2 + 1)

2. 2,2 11
A5 = atmu — e (47 + ) (A.6)

u

we find that
A =—16m° (a®u® + 1)4(2a2Lcritu2 (20 + L2 +Lgrit)2

x {Lgmu? [27a*u + L2 02%u + 36a%u® + L2u® + 8] + 16} (A7)

is always manifestly negative.
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Appendix B

Derivatives of the 30 Integral in PM
expansion

In this appendix we explicitly evaluate the expressions for the second order derivatives of
the triple-delta integral I35 for 0? > 0, cf. (5.35). These enter into the three-body effective
potential via (5.12). A priori we find four terms

O Ins(o? > 0) = (905 ) © (~RIR3R3) + (94 I ) 95 (~RIR3RY)
+ (05 ) 010 (~RIR3RY) + o{ 050 (~RIRSRY).  (B.1)
which evaluate to
76 (~RZR3RY)
405
~ R{ Ry Ry Ry~ Ry RY Ry -Ry) +0% (" Ry-Ry + RY RS + RERY) |,

v ™ 14 4
O (~RIR3R3) of05 = [3 (Ry-Ry) (R'RYR2 + R RY R (B.2)

™ 14 ™ 4 v
E(9{‘62@ (-RiR3R3) 1 (20" 5(R3) + 4R4 R 6’ (R3)] sgn(RIR3) (B.3)
8w y y
+ [R5R16<R%>6<R§>sgn<R§> — RYR36(R3)8(R3)sen(RY)

~ RYRYO(R)O(13)sen( ) .
4RY'RY
RZ - RQ(S
4RY RY
R2 R2
Here the last line also enters into (B.1) with the labels 1 and 2 interchanged. Note the
appearance of the derivative of the delta function in the first line of (B.3) that one could

T\ Ed
(ot =) exo (-rEmsmy) = | (Rsen(F3R3) (B.4)

2
R+R25

55 0(R3)sgn(RIR3) + Ry Ry (RS)sgn(RTR3)| -

resolve using

O(R3)

RZ -
Putting these terms together, eqn. (B.1) then becomes (ordered by the number of delta
functions)

§'(R%) = — (B.5)

mO(-RIR3RY)

N Los ="

[3 (R1 - Rs) (RYRYR3 + RYRSRT — RYRYR1-Ry — RYRYR1-Ry)
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4RI'RY
+0? (" Ry-Ry + R{RY + R’;R’f)] [R2 ]%2(5(R2)sgn(R§R§)
4RY R2 9 979 s 4R“ R3 9 AR R3 9
" R2+R25 2 s R2 RS (R 2 2
+ 2R; Rsi (R3) + 20" 6(R3) + 4R35 R56'(R3) | sgn(R1R3)

+ 0 [RERYS(RY)O(R3)sen(R) — R4 RES(R3)(R3)sen(RY)
— RYRYS(R)(RY)sen(R3)|. (B.6)

Performing the PN expansion starting from this expression seems (also conceptually) much
harder than working on the level of the integrand of I35 in (5.12). The latter is demonstrated
in subsection 5.4.2.
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Appendix C

Details on 3PN of the three-body
potential

In the computation of the 3PN potential, we added the following total derivative to remove
the dependence on the derivative of accelerations and possible spurious poles for r;; — oo:

Gm;m; d
Ltd = Z 748;8 J & |:Tij (21 ai-vj—18 az-vz-) ((nz‘j ‘Vj) 2+V]2-)+7"ij nijaz-nijvj ((nij 'Vj) 2—3V324) ] .
J#i

(C.1)
Due to its length, here we display only an excerpt of the genuine three-body contribution
to the 3PN effective potential from the third line of (5.12). The full result is given in an
ancillary file. The expression below is organized according to the rational functions of the
spatial distances, where each function is multiplied by a sum of numerator structures that
scale as v%. Note that some numerator structures begin with the same terms but they do not
agree. Evaluating the derivatives in (5.77) yields the expression

L?gl)\l = Z Z G2mimjmk><

i kg
1 16 20
{ [CoPpr——l ((nik'vi) (g(nij'vz‘)g — 12(ny5-vi)* (nij-v;) + g(nij'vz‘)(nij‘vjf) + 245 terms)
ij J i
1 16 16

v o & T 7o) (V? (g(nz‘j'vz‘)Q — 11(ny; vi)(ng;-v;) + §(n¢j~v]~)2> +45 termS)
i \Tij Kl i

Tij

8 : 8
— m <§(nij~vi)4 — 6(nij-vi)3(nij~vj) =+ g(nij-vi)z(nij~vj)2 =+ 286 terms)
— o ‘(’I" : :_Zk:]kk_’_ r-k)3 ((nlk 'Vk)2 (16(nij -Vi)2 — 36(1’1~;j -vi)(nij -Vj) + 16(1’1ij -Vj)2) + 69 terms)
g\t R g
2

Tiq
— m (8(111']' -Vi)4 — 18(nij-vi)3(nij-vj) + 16(111']' -Vi)Q(l’liJ"V]‘)2 + 143 terms)
(%] 7 3
+ % ((nik~vk)2 (16(117;]'-Vi)2 — 36(ni]~-vi)(nij-vj) + 16(nij-vj)2) + 114 terms)
ij j ik
] L v 2 (vi)? = (nukvi)?) v2 + 20 terms ) + (i < )
| 7ie(rij + ik + 1) \3 ° 3 e ¢ g
[ Tik 8 8 . .
a L7k (Tij + Tk + Tk )? <(njk.Vk)2 (g(nij.vif ~ 60 vi)(mig-vy) + g(nij.vjf) 23 terms) +ie ])]
Tiq 8 8 . .
* L rik(ri; + T;k + 7ik)? ((njk.Vk)Q (g(nij.vi)g = 605 vi)(mig-vy) + g(mj.vj)z) AT terms) Tie ])]
— - (T +T;kk T r‘k)z (8(111] 'Vi)4 — 18(n”v1)5(n”v3) + 12(111] .vi)Q(nij-v]-)Q =+ 93 terms) + (2 <> ]):|
IRV AN ¥ J g
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— # 16(ny;-vi)* — 36(ni;-vi)®(nij-vy) + 24(ni;-vi)? (045 -v;)? + 285 terms) + (i < 5)
(rij + 7, +r
L \Tig jk Lk
16 . .
+ ol +7‘ R ( N, Vi) ( (n4;- vl) —12(n45-vi)(ni;-vj) + ?(nij~v]~)2> + 46 terms) + (i < ])]
L7k 75 J i
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TiiT 8 . .
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L (745 j i
[ 2o (rij +1j 8 8 o
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T (rie 4 2751 2 2 2 o
+ rertoe(res & on 4 T3 ((ir-vi)? (8(niz-vi)® — 36(my;-vi)(1mij-v;) + 8(my;-v;)?) + 33 terms) + (i <> 5)| ¢.
L7575k (T4j j i

(C.2)

90



Bibliography

1]

2]

[3]

J. Plefka, C. Shi and T. Wang, Double copy of massive scalar QCD, Phys. Rev. D 101
(2020) 066004 [1911.06785].

C. Shi and J. Plefka, Classical double copy of worldline quantum field theory, Phys.
Rev. D 105 (2022) 026007 [2109.10345].

R. Gonzo and C. Shi, Geodesics from classical double copy, Phys. Rev. D 104 (2021)
105012 [2109.01072].

F. Loebbert, J. Plefka, C. Shi and T. Wang, Three-body effective potential in general
relativity at second post-Minkowskian order and resulting post-Newtonian contributions,
Phys. Rev. D 103 (2021) 064010 [2012.14224].

J. Plefka, C. Shi, J. Steinhoff and T. Wang, Breakdown of the classical double copy for
the effective action of dilaton-gravity at NNLO, Phys. Rev. D 100 (2019) 086006
[1906.05875).

ATLAS collaboration, Observation of a new particle in the search for the Standard
Model Higgs boson with the ATLAS detector at the LHC, Phys. Lett. B 716 (2012) 1
[1207.7214].

CMS collaboration, Observation of a New Boson at a Mass of 125 GeV with the CMS
Ezperiment at the LHC, Phys. Lett. B 716 (2012) 30 [1207.7235].

EVENT HORIZON TELESCOPE collaboration, First M87 Event Horizon Telescope
Results. I. The Shadow of the Supermassive Black Hole, Astrophys. J. Lett. 875 (2019)
L1[1906.11238k

H. Kawai, D.C. Lewellen and S.H.H. Tye, A Relation Between Tree Amplitudes of
Closed and Open Strings, Nucl. Phys. B 269 (1986) 1.

Z. Bern, J.J.M. Carrasco and H. Johansson, New Relations for Gauge-Theory
Amplitudes, Phys. Rev. D 78 (2008) 085011 [0805.3993].

Z. Bern, J.J.M. Carrasco and H. Johansson, Perturbative Quantum Gravity as a
Double Copy of Gauge Theory, Phys. Rev. Lett. 105 (2010) 061602 [1004.0476].

N.E.J. Bjerrum-Bohr, P.H. Damgaard, T. Sondergaard and P. Vanhove, The
Momentum Kernel of Gauge and Gravity Theories, JHEP 01 (2011) 001 [1010.3933|.

C.R. Mafra, O. Schlotterer and S. Stieberger, Fxplicit BCJ Numerators from Pure
Spinors, JHEP 07 (2011) 092 [1104.5224].

91


https://doi.org/10.1103/PhysRevD.101.066004
https://doi.org/10.1103/PhysRevD.101.066004
https://arxiv.org/abs/1911.06785
https://doi.org/10.1103/PhysRevD.105.026007
https://doi.org/10.1103/PhysRevD.105.026007
https://arxiv.org/abs/2109.10345
https://doi.org/10.1103/PhysRevD.104.105012
https://doi.org/10.1103/PhysRevD.104.105012
https://arxiv.org/abs/2109.01072
https://doi.org/10.1103/PhysRevD.103.064010
https://arxiv.org/abs/2012.14224
https://doi.org/10.1103/PhysRevD.100.086006
https://arxiv.org/abs/1906.05875
https://doi.org/10.1016/j.physletb.2012.08.020
https://arxiv.org/abs/1207.7214
https://doi.org/10.1016/j.physletb.2012.08.021
https://arxiv.org/abs/1207.7235
https://doi.org/10.3847/2041-8213/ab0ec7
https://doi.org/10.3847/2041-8213/ab0ec7
https://arxiv.org/abs/1906.11238
https://doi.org/10.1016/0550-3213(86)90362-7
https://doi.org/10.1103/PhysRevD.78.085011
https://arxiv.org/abs/0805.3993
https://doi.org/10.1103/PhysRevLett.105.061602
https://arxiv.org/abs/1004.0476
https://doi.org/10.1007/JHEP01(2011)001
https://arxiv.org/abs/1010.3933
https://doi.org/10.1007/JHEP07(2011)092
https://arxiv.org/abs/1104.5224

BIBLIOGRAPHY

[14] N.E.J. Bjerrum-Bohr, J.L. Bourjaily, P.H. Damgaard and B. Feng, Manifesting
Color-Kinematics Duality in the Scattering Equation Formalism, JHEP 09 (2016) 094
[1608.00006].

[15] Y.-J. Du and F. Teng, BCJ numerators from reduced Pfaffian, JHEP 04 (2017) 033
[1703.05717].

[16] L. de la Cruz, A. Kniss and S. Weinzierl, Properties of scattering forms and their
relation to associahedra, JHEP 03 (2018) 064 [1711.07942].

[17] E. Bridges and C.R. Mafra, Algorithmic construction of SYM multiparticle superfields
in the BCJ gauge, JHEP 10 (2019) 022 [1906.12252].

[18] Z. Bern, J.J.M. Carrasco, L.J. Dixon, H. Johansson and R. Roiban, The Complete
Four-Loop Four-Point Amplitude in N=4 Super-Yang-Mills Theory, Phys. Rev. D 82
(2010) 125040 [1008.3327].

[19] J.J.M. Carrasco and H. Johansson, Five-Point Amplitudes in N=4 Super-Yang-Mills
Theory and N=8 Supergravity, Phys. Rev. D 85 (2012) 025006 [1106.4711].

[20] S. Oxburgh and C.D. White, BCJ duality and the double copy in the soft limit, JHEP
02 (2013) 127 [1210.1110).

[21] Z. Bern, J.J.M. Carrasco, L.J. Dixon, H. Johansson and R. Roiban, Simplifying
Multiloop Integrands and Ultraviolet Divergences of Gauge Theory and Gravity
Amplitudes, Phys. Rev. D 85 (2012) 105014 [1201.5366].

[22] Y.-J. Du and H. Luo, On General BCJ Relation at One-loop Level in Yang-Mills
Theory, JHEP 01 (2013) 129 [1207.4549].

[23] E.Y. Yuan, Virtual Color-Kinematics Duality: 6-pt 1-Loop MHV Amplitudes, JHEP
05 (2013) 070 [1210. 1816].

[24] R.H. Boels, B.A. Kniehl, O.V. Tarasov and G. Yang, Color-kinematic Duality for
Form Factors, JHEP 02 (2013) 063 [1211.7028].

[25] R.H. Boels, R.S. Isermann, R. Monteiro and D. O’Connell, Colour-Kinematics Duality
for One-Loop Rational Amplitudes, JHEP 04 (2013) 107 [1301.4165].

[26] N.E.J. Bjerrum-Bohr, T. Dennen, R. Monteiro and D. O’Connell, Integrand Ozidation
and One-Loop Colour-Dual Numerators in N=4 Gauge Theory, JHEP 07 (2013) 092
[1303.2913)].

[27] Z. Bern, S. Davies, T. Dennen, Y.-t. Huang and J. Nohle, Color-Kinematics Duality
for Pure Yang-Mills and Gravity at One and Two Loops, Phys. Rev. D 92 (2015)
045041[1303.6605}

[28] A. Ochirov and P. Tourkine, BCJ duality and double copy in the closed string sector,
JHEP 05 (2014) 136 [1312.1326].

[29] C.R. Mafra and O. Schlotterer, Two-loop five-point amplitudes of super Yang-Mills and
supergravity in pure spinor superspace, JHEP 10 (2015) 124 [1505.02746|.

92


https://doi.org/10.1007/JHEP09(2016)094
https://arxiv.org/abs/1608.00006
https://doi.org/10.1007/JHEP04(2017)033
https://arxiv.org/abs/1703.05717
https://doi.org/10.1007/JHEP03(2018)064
https://arxiv.org/abs/1711.07942
https://doi.org/10.1007/JHEP10(2019)022
https://arxiv.org/abs/1906.12252
https://doi.org/10.1103/PhysRevD.82.125040
https://doi.org/10.1103/PhysRevD.82.125040
https://arxiv.org/abs/1008.3327
https://doi.org/10.1103/PhysRevD.85.025006
https://arxiv.org/abs/1106.4711
https://doi.org/10.1007/JHEP02(2013)127
https://doi.org/10.1007/JHEP02(2013)127
https://arxiv.org/abs/1210.1110
https://doi.org/10.1103/PhysRevD.85.105014
https://arxiv.org/abs/1201.5366
https://doi.org/10.1007/JHEP01(2013)129
https://arxiv.org/abs/1207.4549
https://doi.org/10.1007/JHEP05(2013)070
https://doi.org/10.1007/JHEP05(2013)070
https://arxiv.org/abs/1210.1816
https://doi.org/10.1007/JHEP02(2013)063
https://arxiv.org/abs/1211.7028
https://doi.org/10.1007/JHEP04(2013)107
https://arxiv.org/abs/1301.4165
https://doi.org/10.1007/JHEP07(2013)092
https://arxiv.org/abs/1303.2913
https://doi.org/10.1103/PhysRevD.92.045041
https://doi.org/10.1103/PhysRevD.92.045041
https://arxiv.org/abs/1303.6605
https://doi.org/10.1007/JHEP05(2014)136
https://arxiv.org/abs/1312.1326
https://doi.org/10.1007/JHEP10(2015)124
https://arxiv.org/abs/1505.02746

BIBLIOGRAPHY

[30]

[31]

[32]

[33]

[34]

[41]

[42]

[43]

G. Mogull and D. O’Connell, Overcoming Obstacles to Colour-Kinematics Duality at
Two Loops, JHEP 12 (2015) 135 [1511.06652].

S. He, R. Monteiro and O. Schlotterer, String-inspired BCJ numerators for one-loop
MHYV amplitudes, JHEP 01 (2016) 171 [1507.06288|.

G. Yang, Color-kinematics duality and Sudakov form factor at five loops for N=/4
supersymmetric Yang-Mills theory, Phys. Rev. Lett. 117 (2016) 271602 [1610.02394].

R.H. Boels, T. Huber and G. Yang, Four-Loop Nonplanar Cusp Anomalous Dimension
in N=4 Supersymmetric Yang-Mills Theory, Phys. Rev. Lett. 119 (2017) 201601
[1705.03444].

S. He, O. Schlotterer and Y. Zhang, New BCJ representations for one-loop amplitudes
in gauge theories and gravity, Nucl. Phys. B 930 (2018) 328 [1706.00640].

H. Johansson, G. Kélin and G. Mogull, Two-loop supersymmetric QCD and
half-mazimal supergravity amplitudes, JHEP 09 (2017) 019 [1706.09381].

J.L. Jurado, G. Rodrigo and W.J. Torres Bobadilla, From Jacobi off-shell currents to
integral relations, JHEP 12 (2017) 122 [1710.11010].

R.H. Boels, T. Huber and G. Yang, The Sudakov form factor at four loops in mazimal
super Yang-Mills theory, JHEP 01 (2018) 153 [1711.08449].

J. Faller and J. Plefka, Positive helicity Einstein- Yang-Mills amplitudes from the
double copy method, Phys. Rev. D 99 (2019) 046008 [1812.04053|.

Z. Bern, J.J. Carrasco, M. Chiodaroli, H. Johansson and R. Roiban, The Duality
Between Color and Kinematics and its Applications, 1909.01358.

G. Travaglini et al., The SAGEX Review on Scattering Amplitudes, 2203.13011.

S.J. Parke and T.R. Taylor, An Amplitude for n Gluon Scattering, Phys. Rev. Lett. 56
(1986) 2459.

LIGO SCIENTIFIC, VIRGO collaboration, Observation of Gravitational Waves from a
Binary Black Hole Merger, Phys. Rev. Lett. 116 (2016) 061102 [1602.03837].

A. Buonanno, M. Khalil, D. O’Connell, R. Roiban, M.P. Solon and M. Zeng,
Snowmass White Paper: Gravitational Waves and Scattering Amplitudes, in 2022
Snowmass Summer Study, 4, 2022 [2204.05194].

D.A. Kosower, B. Maybee and D. O’Connell, Amplitudes, Observables, and Classical
Scattering, JHEP 02 (2019) 137 [1811.10950].

Z. Bern, C. Cheung, R. Roiban, C.-H. Shen, M.P. Solon and M. Zeng, Black Hole
Binary Dynamics from the Double Copy and Effective Theory, JHEP 10 (2019) 206
[1908.01493].

F. Cachazo, S. He and E.Y. Yuan, Scattering Equations and Matrices: From Einstein
To Yang-Mills, DBI and NLSM, JHEP 07 (2015) 149 [1412.3479].

93


https://doi.org/10.1007/JHEP12(2015)135
https://arxiv.org/abs/1511.06652
https://doi.org/10.1007/JHEP01(2016)171
https://arxiv.org/abs/1507.06288
https://doi.org/10.1103/PhysRevLett.117.271602
https://arxiv.org/abs/1610.02394
https://doi.org/10.1103/PhysRevLett.119.201601
https://arxiv.org/abs/1705.03444
https://doi.org/10.1016/j.nuclphysb.2018.03.003
https://arxiv.org/abs/1706.00640
https://doi.org/10.1007/JHEP09(2017)019
https://arxiv.org/abs/1706.09381
https://doi.org/10.1007/JHEP12(2017)122
https://arxiv.org/abs/1710.11010
https://doi.org/10.1007/JHEP01(2018)153
https://arxiv.org/abs/1711.08449
https://doi.org/10.1103/PhysRevD.99.046008
https://arxiv.org/abs/1812.04053
https://arxiv.org/abs/1909.01358
https://arxiv.org/abs/2203.13011
https://doi.org/10.1103/PhysRevLett.56.2459
https://doi.org/10.1103/PhysRevLett.56.2459
https://doi.org/10.1103/PhysRevLett.116.061102
https://arxiv.org/abs/1602.03837
https://arxiv.org/abs/2204.05194
https://doi.org/10.1007/JHEP02(2019)137
https://arxiv.org/abs/1811.10950
https://doi.org/10.1007/JHEP10(2019)206
https://arxiv.org/abs/1908.01493
https://doi.org/10.1007/JHEP07(2015)149
https://arxiv.org/abs/1412.3479

BIBLIOGRAPHY

[47]

[48]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

M. Chiodaroli, M. Glinaydin, H. Johansson and R. Roiban, Scattering amplitudes in
N =2 Mazwell-Einstein and Yang-Mills/Einstein supergravity, JHEP 01 (2015) 081
[1408.0764].

F. Cachazo, S. He and E.Y. Yuan, Scattering equations and Kawai-Lewellen-Tye
orthogonality, Phys. Rev. D 90 (2014) 065001 [1306.6575].

F. Cachazo, S. He and E.Y. Yuan, Scattering of Massless Particles in Arbitrary
Dimensions, Phys. Rev. Lett. 113 (2014) 171601 [1307.2199].

F. Cachazo, S. He and E.Y. Yuan, Scattering of Massless Particles: Scalars, Gluons
and Gravitons, JHEP 07 (2014) 033 [1309.0885].

R. Monteiro, D. O’Connell and C.D. White, Black holes and the double copy, JHEP 12
(2014) 056 [1410.0239].

A. Luna, R. Monteiro, I. Nicholson and D. O’Connell, Type D Spacetimes and the
Weyl Double Copy, Class. Quant. Grav. 36 (2019) 065003 [1810.08183|.

H. Godazgar, M. Godazgar, R. Monteiro, D. Peinador Veiga and C.N. Pope, Weyl
Double Copy for Gravitational Waves, Phys. Rev. Lett. 126 (2021) 101103
[2010.02925L

C.D. White, Twistorial Foundation for the Classical Double Copy, Phys. Rev. Lett.
126 (2021) 061602 [2012.02479).

E. Chacén, S. Nagy and C.D. White, The Weyl double copy from twistor space, JHEP
05 (2021) 2239 [2103.16441].

E. Chacén, A. Luna and C.D. White, The double copy of the multipole expansion,
2108.07702.

K. Kim, K. Lee, R. Monteiro, I. Nicholson and D. Peinador Veiga, The Classical
Double Copy of a Point Charge, JHEP 02 (2020) 046 [1912.02177].

A. Luna, R. Monteiro, D. O’Connell and C.D. White, The classical double copy for
Taub-NUT spacetime, Phys. Lett. B 750 (2015) 272 [1507.01869].

A. Luna, R. Monteiro, I. Nicholson, D. O’Connell and C.D. White, The double copy:
Bremsstrahlung and accelerating black holes, JHEP 06 (2016) 023 [1603.05737].

A. Luna, R. Monteiro, I. Nicholson, A. Ochirov, D. O’Connell, N. Westerberg et al.,
Perturbative spacetimes from Yang-Mills theory, JHEP 04 (2017) 069 [1611.07508].

A K. Ridgway and M.B. Wise, Static Spherically Symmetric Kerr-Schild Metrics and
Implications for the Classical Double Copy, Phys. Rev. D 94 (2016) 044023
[1512.02243).

C.D. White, Ezact solutions for the biadjoint scalar field, Phys. Lett. B 763 (2016) 365
[1606.04724].

M. Carrillo-Gonzélez, R. Penco and M. Trodden, The classical double copy in
mazximally symmetric spacetimes, JHEP 04 (2018) 028 [1711.01296].

94


https://doi.org/10.1007/JHEP01(2015)081
https://arxiv.org/abs/1408.0764
https://doi.org/10.1103/PhysRevD.90.065001
https://arxiv.org/abs/1306.6575
https://doi.org/10.1103/PhysRevLett.113.171601
https://arxiv.org/abs/1307.2199
https://doi.org/10.1007/JHEP07(2014)033
https://arxiv.org/abs/1309.0885
https://doi.org/10.1007/JHEP12(2014)056
https://doi.org/10.1007/JHEP12(2014)056
https://arxiv.org/abs/1410.0239
https://doi.org/10.1088/1361-6382/ab03e6
https://arxiv.org/abs/1810.08183
https://doi.org/10.1103/PhysRevLett.126.101103
https://arxiv.org/abs/2010.02925
https://doi.org/10.1103/PhysRevLett.126.061602
https://doi.org/10.1103/PhysRevLett.126.061602
https://arxiv.org/abs/2012.02479
https://doi.org/10.1007/JHEP05(2021)239
https://doi.org/10.1007/JHEP05(2021)239
https://arxiv.org/abs/2103.16441
https://arxiv.org/abs/2108.07702
https://doi.org/10.1007/JHEP02(2020)046
https://arxiv.org/abs/1912.02177
https://doi.org/10.1016/j.physletb.2015.09.021
https://arxiv.org/abs/1507.01869
https://doi.org/10.1007/JHEP06(2016)023
https://arxiv.org/abs/1603.05737
https://doi.org/10.1007/JHEP04(2017)069
https://arxiv.org/abs/1611.07508
https://doi.org/10.1103/PhysRevD.94.044023
https://arxiv.org/abs/1512.02243
https://doi.org/10.1016/j.physletb.2016.10.052
https://arxiv.org/abs/1606.04724
https://doi.org/10.1007/JHEP04(2018)028
https://arxiv.org/abs/1711.01296

BIBLIOGRAPHY

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

[75]

[76]

[77]

(78]

[79]

[80]

P.-J. De Smet and C.D. White, Eztended solutions for the biadjoint scalar field, Phys.
Lett. B 775 (2017) 163 [1708.01103].

A. Tlderton, Screw-symmetric gravitational waves: a double copy of the vortex, Phys.
Lett. B 782 (2018) 22 [1804.07290].

D.S. Berman, E. Chacén, A. Luna and C.D. White, The self-dual classical double copy,
and the Equchi-Hanson instanton, JHEP 01 (2019) 107 [1809.04063].

M. Carrillo Gonzélez, B. Melcher, K. Ratliff, S. Watson and C.D. White, The classical
double copy in three spacetime dimensions, JHEP 07 (2019) 167 [1904.11001].

1. Bah, R. Dempsey and P. Weck, Kerr-Schild Double Copy and Complex Worldlines,
JHEP 02 (2020) 180 [1910.04197].

R. Alawadhi, D.S. Berman, B. Spence and D. Peinador Veiga, S-duality and the double
copy, JHEP 03 (2020) 059 [1911.06797].

G. Elor, K. Farnsworth, M.L. Graesser and G. Herczeg, The Newman-Penrose Map
and the Classical Double Copy, JHEP 12 (2020) 121 [2006.08630).

C. Keeler, T. Manton and N. Monga, From Navier-Stokes to Maxwell via Finstein,
JHEP 08 (2020) 147 [2005.04242].

D.A. Easson, C. Keeler and T. Manton, Classical double copy of nonsingular black
holes, Phys. Rev. D 102 (2020) 086015 [2007.16186].

R. Alawadhi, D.S. Berman and B. Spence, Weyl doubling, JHEP 09 (2020) 127
[2007.03264].

R. Monteiro, D. O’Connell, D. Peinador Veiga and M. Sergola, Classical solutions and
their double copy in split signature, JHEP 05 (2021) 268 [2012.11190].

G. Alkac, M.K. Gumus and M. Tek, The Kerr-Schild Double Copy in Lifshitz
Spacetime, JHEP 05 (2021) 214 [2103.06986].

R. Britto, F. Cachazo, B. Feng and E. Witten, Direct proof of tree-level recursion
relation in Yang-Mills theory, Phys. Rev. Lett. 94 (2005) 181602 [hep-th/0501052].

L.J. Dixon, Calculating scattering amplitudes efficiently, in Theoretical Advanced Study
Institute in Elementary Particle Physics (TASI 95): QCD and Beyond, pp. 539-584, 1,
1996 [hep-ph/9601359)].

H. Elvang and Y.-t. Huang, Scattering Amplitudes, 1308.1697.

W.D. Goldberger and 1.Z. Rothstein, An Effective field theory of gravity for extended
objects, Phys. Rev. D 73 (2006) 104029 [hep-th/0409156].

H. Johansson and A. Ochirov, Color-Kinematics Duality for QCD Amplitudes, JHEP
01 (2016) 170 [1507.00332].

H. Johansson and A. Ochirov, Double copy for massive quantum particles with spin,
JHEP 09 (2019) 040 [1906.12292].

95


https://doi.org/10.1016/j.physletb.2017.11.007
https://doi.org/10.1016/j.physletb.2017.11.007
https://arxiv.org/abs/1708.01103
https://doi.org/10.1016/j.physletb.2018.04.069
https://doi.org/10.1016/j.physletb.2018.04.069
https://arxiv.org/abs/1804.07290
https://doi.org/10.1007/JHEP01(2019)107
https://arxiv.org/abs/1809.04063
https://doi.org/10.1007/JHEP07(2019)167
https://arxiv.org/abs/1904.11001
https://doi.org/10.1007/JHEP02(2020)180
https://arxiv.org/abs/1910.04197
https://doi.org/10.1007/JHEP03(2020)059
https://arxiv.org/abs/1911.06797
https://doi.org/10.1007/JHEP12(2020)121
https://arxiv.org/abs/2006.08630
https://doi.org/10.1007/JHEP08(2020)147
https://arxiv.org/abs/2005.04242
https://doi.org/10.1103/PhysRevD.102.086015
https://arxiv.org/abs/2007.16186
https://doi.org/10.1007/JHEP09(2020)127
https://arxiv.org/abs/2007.03264
https://doi.org/10.1007/JHEP05(2021)268
https://arxiv.org/abs/2012.11190
https://doi.org/10.1007/JHEP05(2021)214
https://arxiv.org/abs/2103.06986
https://doi.org/10.1103/PhysRevLett.94.181602
https://arxiv.org/abs/hep-th/0501052
https://arxiv.org/abs/hep-ph/9601359
https://arxiv.org/abs/1308.1697
https://doi.org/10.1103/PhysRevD.73.104029
https://arxiv.org/abs/hep-th/0409156
https://doi.org/10.1007/JHEP01(2016)170
https://doi.org/10.1007/JHEP01(2016)170
https://arxiv.org/abs/1507.00332
https://doi.org/10.1007/JHEP09(2019)040
https://arxiv.org/abs/1906.12292

BIBLIOGRAPHY

[82] Y.F. Bautista and A. Guevara, On the double copy for spinning matter, JHEP 11
(2021) 184 [1908.11349].

[83] J.H. Schwarz, Dilaton - axion symmetry, in International Workshop on String Theory,
Quantum Gravity and the Unification of Fundamental Interactions Rome, Italy,
September 21-26, 1992, pp. 503-520, 1992 [hep-th/9209125].

[84] G. Mogull, J. Plefka and J. Steinhoff, Classical black hole scattering from a worldline
quantum field theory, JHEP 02 (2021) 048 [2010.02865].

[85] G.U. Jakobsen, G. Mogull, J. Plefka and J. Steinhoff, Classical Gravitational
Bremsstrahlung from a Worldline Quantum Field Theory, Phys. Rev. Lett. 126 (2021)
201103 [2101.12688].

[86] G.U. Jakobsen, G. Mogull, J. Plefka and J. Steinhoff, Gravitational Bremsstrahlung
and Hidden Supersymmetry of Spinning Bodies, Phys. Rev. Lett. 128 (2022) 011101
[2106.10256].

[87] G.U. Jakobsen, G. Mogull, J. Plefka and J. Steinhoff, SUSY in the sky with gravitons,
JHEP 01 (2022) 027 [2109.04465].

[88] G.U. Jakobsen and G. Mogull, Conservative and Radiative Dynamics of Spinning
Bodies at Third Post-Minkowskian Order Using Worldline Quantum Field Theory,
Phys. Rev. Lett. 128 (2022) 141102 [2201.07778].

[89] G.U. Jakobsen, G. Mogull, J. Plefka and B. Sauer, All Things Retarded:
Radiation-Reaction in Worldline Quantum Field Theory, 2207 .00569.

[90] J. Plefka, J. Steinhoff and W. Wormsbecher, Effective action of dilaton gravity as the
classical double copy of Yang-Mills theory, Phys. Rev. D 99 (2019) 024021
[1807.09859).

[91] F. Bastianelli, R. Bonezzi, O. Corradini and E. Latini, Particles with non abelian
charges, JHEP 10 (2013) 098 [1309.1608].

[92] F. Bastianelli, R. Bonezzi, O. Corradini, E. Latini and K.H. Ould-Lahoucine, A
worldline approach to colored particles, J. Phys. Conf. Ser. 1208 (2019) 012004
[1504.03617].

[93] C.-H. Shen, Gravitational Radiation from Color-Kinematics Duality, JHEP 11 (2018)
162 [1806.07388].

[94] F. Bastianelli, F. Comberiati and L. de la Cruz, Worldline description of a bi-adjoint
scalar and the zeroth copy, JHEP 12 (2021) 023 [2107.10130].

[95] S.K. Wong, Field and particle equations for the classical Yang-Mills field and particles
with isotopic spin, Nuovo Cim. A 65 (1970) 689.

[96] W.D. Goldberger and A.K. Ridgway, Radiation and the classical double copy for color
charges, Phys. Rev. D 95 (2017) 125010 [1611.03493].

[97] D. Amati, M. Ciafaloni and G. Veneziano, Superstring Collisions at Planckian
Energies, Phys. Lett. B 197 (1987) 81.

96


https://doi.org/10.1007/JHEP11(2021)184
https://doi.org/10.1007/JHEP11(2021)184
https://arxiv.org/abs/1908.11349
https://arxiv.org/abs/hep-th/9209125
https://doi.org/10.1007/JHEP02(2021)048
https://arxiv.org/abs/2010.02865
https://doi.org/10.1103/PhysRevLett.126.201103
https://doi.org/10.1103/PhysRevLett.126.201103
https://arxiv.org/abs/2101.12688
https://doi.org/10.1103/PhysRevLett.128.011101
https://arxiv.org/abs/2106.10256
https://doi.org/10.1007/JHEP01(2022)027
https://arxiv.org/abs/2109.04465
https://doi.org/10.1103/PhysRevLett.128.141102
https://arxiv.org/abs/2201.07778
https://arxiv.org/abs/2207.00569
https://doi.org/10.1103/PhysRevD.99.024021
https://arxiv.org/abs/1807.09859
https://doi.org/10.1007/JHEP10(2013)098
https://arxiv.org/abs/1309.1608
https://doi.org/10.1088/1742-6596/1208/1/012004
https://arxiv.org/abs/1504.03617
https://doi.org/10.1007/JHEP11(2018)162
https://doi.org/10.1007/JHEP11(2018)162
https://arxiv.org/abs/1806.07388
https://doi.org/10.1007/JHEP12(2021)023
https://arxiv.org/abs/2107.10130
https://doi.org/10.1007/BF02892134
https://doi.org/10.1103/PhysRevD.95.125010
https://arxiv.org/abs/1611.03493
https://doi.org/10.1016/0370-2693(87)90346-7

BIBLIOGRAPHY

[98]

[99]

[100]

[101]
[102]

[103]

[104]

[105]

106

[107]

108

[109]

[110]

[111]

[112]

[113]

[114]

[115]

D. Amati, M. Ciafaloni and G. Veneziano, Higher Order Gravitational Deflection and
Soft Bremsstrahlung in Planckian Energy Superstring Collisions, Nucl. Phys. B 347
(1990) 550.

C. Heissenberg, Infrared divergences and the eikonal exponentiation, Phys. Rev. D 104
(2021) 046016 [2105.04594].

L. de la Cruz, B. Maybee, D. O’Connell and A. Ross, Classical Yang-Mills observables
from amplitudes, JHEP 12 (2020) 076 [2009.03842].

U.W. Heinz, Kinetic Theory for Nonabelian Plasmas, Phys. Rev. Lett. 51 (1983) 351.

D.F. Litim and C. Manuel, Semiclassical transport theory for nonAbelian plasmas,
Phys. Rept. 364 (2002) 451 [hep-ph/0110104].

H.-T. Elze and U.W. Heinz, Quark - Gluon Transport Theory, Phys. Rept. 183 (1989)
81.

E. Iancu and R. Venugopalan, The Color glass condensate and high-energy scattering
in QCD, in Quark-gluon plasma 4, R.C. Hwa and X.-N. Wang, eds. (2003), DOI
[hep-ph/0303204].

L.D. McLerran and R. Venugopalan, Gluon distribution functions for very large nuclei
at small transverse momentum, Phys. Rev. D 49 (1994) 3352 [hep-ph/9311205].

L.D. McLerran and R. Venugopalan, Computing quark and gluon distribution functions
for very large nuclei, Phys. Rev. D 49 (1994) 2233 [hep-ph/9309289].

F. Gelis, Some Aspects of the Theory of Heavy Ion Collisions, Rept. Prog. Phys. 84
(2021) 056301 [2102.07604].

J.W. van Holten, Covariant Hamiltonian dynamics, Phys. Rev. D 75 (2007) 025027
[hep-th/0612216].

J. Gomis, E. Joung, A. Kleinschmidt and K. Mkrtchyan, Colourful Poincaré symmetry,
gravity and particle actions, 2105.01686.

L.D. Landau and E.M. Lifschits, The Classical Theory of Fields, vol. Volume 2 of
Course of Theoretical Physics, Pergamon Press, Oxford (1975).

T.H. Boyer, Unfamiliar trajectories for a relativistic particle in a kepler or coulomb
potential, American Journal of Physics 72 (2004) 992-997.

N. Arkani-Hamed, Y.-t. Huang and D. O’Connell, Kerr black holes as elementary
particles, JHEP 01 (2020) 046 [1906.10100].

S. Chandrasekhar, The mathematical theory of black holes, vol. 69, Oxford university
press (1998).

W.D. Goldberger and A.K. Ridgway, Bound states and the classical double copy, Phys.
Rev. D 97 (2018) 085019 [1711.09493|.

G. Kilin and R.A. Porto, From Boundary Data to Bound States, JHEP 01 (2020) 072
[1910.03008].

97


https://doi.org/10.1016/0550-3213(90)90375-N
https://doi.org/10.1016/0550-3213(90)90375-N
https://doi.org/10.1103/PhysRevD.104.046016
https://doi.org/10.1103/PhysRevD.104.046016
https://arxiv.org/abs/2105.04594
https://doi.org/10.1007/JHEP12(2020)076
https://arxiv.org/abs/2009.03842
https://doi.org/10.1103/PhysRevLett.51.351
https://doi.org/10.1016/S0370-1573(02)00015-7
https://arxiv.org/abs/hep-ph/0110104
https://doi.org/10.1016/0370-1573(89)90059-8
https://doi.org/10.1016/0370-1573(89)90059-8
https://doi.org/10.1142/9789812795533_0005
https://arxiv.org/abs/hep-ph/0303204
https://doi.org/10.1103/PhysRevD.49.3352
https://arxiv.org/abs/hep-ph/9311205
https://doi.org/10.1103/PhysRevD.49.2233
https://arxiv.org/abs/hep-ph/9309289
https://doi.org/10.1088/1361-6633/abec2e
https://doi.org/10.1088/1361-6633/abec2e
https://arxiv.org/abs/2102.07604
https://doi.org/10.1103/PhysRevD.75.025027
https://arxiv.org/abs/hep-th/0612216
https://arxiv.org/abs/2105.01686
https://doi.org/10.1119/1.1737396
https://doi.org/10.1007/JHEP01(2020)046
https://arxiv.org/abs/1906.10100
https://doi.org/10.1103/PhysRevD.97.085019
https://doi.org/10.1103/PhysRevD.97.085019
https://arxiv.org/abs/1711.09493
https://doi.org/10.1007/JHEP01(2020)072
https://arxiv.org/abs/1910.03008

BIBLIOGRAPHY

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

G. Kalin and R.A. Porto, From boundary data to bound states. Part 1I. Scattering
angle to dynamical invariants (with twist), JHEP 02 (2020) 120 [1911.09130].

G. Cho, G. Kalin and R.A. Porto, From boundary data to bound states. Part III.
Radiative effects, JHEP 04 (2022) 154 [2112.03976].

J.E. Mandula, Color Screening by a Yang-Mills Instability, Phys. Lett. B 67 (1977)
175.

P. Sikivie and N. Weiss, Classical Yang-Mills Theory in the Presence of External
Sources, Phys. Rev. D 18 (1978) 3809.

J.E. Mandula, Total Charge Screening, Phys. Lett. B 69 (1977) 495.

R. Jackiw, L. Jacobs and C. Rebbi, Static Yang-Mills Fields With Sources, Phys. Rev.
D 20 (1979) 474.

T. Damour, Gravitational scattering, post-Minkowskian approximation and Effective
One-Body theory, Phys. Rev. D 94 (2016) 104015 [1609.00354].

C. Cheung, N. Shah and M.P. Solon, Mining the Geodesic Equation for Scattering
Data, Phys. Rev. D 103 (2021) 024030 [2010.08568].

C. Cheung and M.P. Solon, Classical gravitational scattering at O (G3) from Feynman
diagrams, JHEP 06 (2020) 144 [2003.08351].

C. Moore, Braids in classical dynamics, Phys. Rev. Lett. 70 (1993) 3675.

R. Montgomery, A new solution to the three-body problem, differential equations 1001
(2001) d2xi.

A. Chenciner and R. Montgomery, A remarkable periodic solution of the three-body
problem in the case of equal masses, Annals of Mathematics 152 (2000) 881.

T. Damour, P. Jaranowski and G. Schéifer, Nonlocal-in-time action for the fourth
post-Newtonian conservative dynamics of two-body systems, Phys. Rev. D 89 (2014)
064058 [1401.4548].

L. Bernard, L. Blanchet, A. Bohé, G. Faye and S. Marsat, Fokker action of
nonspinning compact binaries at the fourth post-Newtonian approzimation, Phys. Rev.
D 93 (2016) 084037 [1512.02876].

T. Damour, P. Jaranowski and G. Schéafer, Conservative dynamics of two-body systems
at the fourth post-Newtonian approrimation of general relativity, Phys. Rev. D 93
(2016) 084014 [1601.01283].

L. Bernard, L. Blanchet, A. Bohé, G. Faye and S. Marsat, Energy and periastron
advance of compact binaries on circular orbits at the fourth post-Newtonian order,
Phys. Rev. D 95 (2017) 044026 [1610.07934].

S. Foffa, P. Mastrolia, R. Sturani and C. Sturm, Effective field theory approach to the
gravitational two-body dynamics, at fourth post-Newtonian order and quintic in the
Newton constant, Phys. Rev. D 95 (2017) 104009 [1612.00482].

98


https://doi.org/10.1007/JHEP02(2020)120
https://arxiv.org/abs/1911.09130
https://doi.org/10.1007/JHEP04(2022)154
https://arxiv.org/abs/2112.03976
https://doi.org/10.1016/0370-2693(77)90096-X
https://doi.org/10.1016/0370-2693(77)90096-X
https://doi.org/10.1103/PhysRevD.18.3809
https://doi.org/10.1016/0370-2693(77)90853-X
https://doi.org/10.1103/PhysRevD.20.474
https://doi.org/10.1103/PhysRevD.20.474
https://doi.org/10.1103/PhysRevD.94.104015
https://arxiv.org/abs/1609.00354
https://doi.org/10.1103/PhysRevD.103.024030
https://arxiv.org/abs/2010.08568
https://doi.org/10.1007/JHEP06(2020)144
https://arxiv.org/abs/2003.08351
https://doi.org/10.1103/PhysRevLett.70.3675
https://doi.org/10.1103/PhysRevD.89.064058
https://doi.org/10.1103/PhysRevD.89.064058
https://arxiv.org/abs/1401.4548
https://doi.org/10.1103/PhysRevD.93.084037
https://doi.org/10.1103/PhysRevD.93.084037
https://arxiv.org/abs/1512.02876
https://doi.org/10.1103/PhysRevD.93.084014
https://doi.org/10.1103/PhysRevD.93.084014
https://arxiv.org/abs/1601.01283
https://doi.org/10.1103/PhysRevD.95.044026
https://arxiv.org/abs/1610.07934
https://doi.org/10.1103/PhysRevD.95.104009
https://arxiv.org/abs/1612.00482

BIBLIOGRAPHY

[133]

[134]

135

[136]

[137]

[138]

[139]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147)

R.A. Porto and 1.Z. Rothstein, Apparent ambiguities in the post-Newtonian expansion
for binary systems, Phys. Rev. D 96 (2017) 024062 [1703.06433|.

T. Marchand, L. Bernard, L. Blanchet and G. Faye, Ambiguity-Free Completion of the
Equations of Motion of Compact Binary Systems at the Fourth Post-Newtonian Order,
Phys. Rev. D 97 (2018) 044023 [1707.09289].

T. Damour and P. Jaranowski, Four-loop static contribution to the gravitational
interaction potential of two point masses, Phys. Rev. D 95 (2017) 084005
[1701.02645].

S. Foffa and R. Sturani, Conservative dynamics of binary systems to fourth
Post-Newtonian order in the EFT approach I: Regularized Lagrangian, Phys. Rev. D
100 (2019) 024047 [1903.05113).

S. Foffa, R.A. Porto, I. Rothstein and R. Sturani, Conservative dynamics of binary
systems to fourth Post-Newtonian order in the EFT approach II: Renormalized
Lagrangian, Phys. Rev. D 100 (2019) 024048 [1903.05118].

J. Bliimlein, A. Maier, P. Marquard and G. Schéfer, Fourth post-Newtonian
Hamiltonian dynamics of two-body systems from an effective field theory approach,
Nucl. Phys. B 955 (2020) 115041 [2003.01692].

C.R. Galley, A.K. Leibovich, R.A. Porto and A. Ross, Tail effect in gravitational
radiation reaction: Time nonlocality and renormalization group evolution, Phys. Reuv.
D 93 (2016) 124010 [1511.07379].

A. Einstein, L. Infeld and B. Hoffmann, The Gravitational equations and the problem
of motion, Annals Math. 39 (1938) 65.

A.S. Eddington and G.L. Clark, The problem of n bodies in general relativity theory,
Proceedings of the Royal Society of London. Series A. Mathematical and Physical
Sciences 166 (1938) 465.

T. Damour and G. Schéfer, Lagrangians from point masses at the second
post-newtonian approximation of general relativity, General relativity and gravitation
17 (1985) 879.

G. Schéfer, Three-body hamiltonian in general relativity, Phys. Lett. A 123 (1987) 336.

T. Ledvinka, G. Schaefer and J. Bicak, Relativistic Closed-Form Hamiltonian for
Many-Body Gravitating Systems in the Post-Minkowskian Approximation, Phys. Reuv.
Lett. 100 (2008) 251101 [0807.0214].

C.R.T. Jones and M. Solon, Scattering Amplitudes and N-Body Post-Minkowskian
Hamiltonians in General Relativity and Beyond, 2208.02281.

T. Damour, Radiative contribution to classical gravitational scattering at the third
order in G, Phys. Rev. D 102 (2020) 124008 [2010.01641].

T. Damour and G. Schaefer, Redefinition of position variables and the reduction of
higher order Lagrangians, J. Math. Phys. 32 (1991) 127.

99


https://doi.org/10.1103/PhysRevD.96.024062
https://arxiv.org/abs/1703.06433
https://doi.org/10.1103/PhysRevD.97.044023
https://arxiv.org/abs/1707.09289
https://doi.org/10.1103/PhysRevD.95.084005
https://arxiv.org/abs/1701.02645
https://doi.org/10.1103/PhysRevD.100.024047
https://doi.org/10.1103/PhysRevD.100.024047
https://arxiv.org/abs/1903.05113
https://doi.org/10.1103/PhysRevD.100.024048
https://arxiv.org/abs/1903.05118
https://doi.org/10.1016/j.nuclphysb.2020.115041
https://arxiv.org/abs/2003.01692
https://doi.org/10.1103/PhysRevD.93.124010
https://doi.org/10.1103/PhysRevD.93.124010
https://arxiv.org/abs/1511.07379
https://doi.org/10.2307/1968714
https://doi.org/doi.org/10.1016/0375-9601(87)90389-6
https://doi.org/10.1103/PhysRevLett.100.251101
https://doi.org/10.1103/PhysRevLett.100.251101
https://arxiv.org/abs/0807.0214
https://arxiv.org/abs/2208.02281
https://doi.org/10.1103/PhysRevD.102.124008
https://arxiv.org/abs/2010.01641
https://doi.org/10.1063/1.529135

BIBLIOGRAPHY

[148] D. Chicherin, V. Kazakov, F. Loebbert, D. Miiller and D.-1. Zhong, Yangian Symmetry
for Bi-Scalar Loop Amplitudes, JHEP 05 (2018) 003 [1704.01967].

[149] D. Chicherin, V. Kazakov, F. Loebbert, D. Miiller and D.-l. Zhong, Yangian Symmetry
for Fishnet Feynman Graphs, Phys. Rev. D 96 (2017) 121901 [1708.00007].

[150] F. Loebbert, D. Miiller and H. Miinkler, Yangian Bootstrap for Conformal Feynman
Integrals, Phys. Rev. D 101 (2020) 066006 [1912.05561].

[151] K. Westpfahl, High-Speed Scattering of Charged and Uncharged Particles in General
Relativity, Fortsch. Phys. 33 (1985) 417.

[152] L.D. Landau, The classical theory of fields, vol. 2, Elsevier (2013).

[153] E. Boos and A.L. Davydychev, A Method of evaluating massive Feynman integrals,
Theor. Math. Phys. 89 (1991) 1052.

[154] F. Loebbert, J. Miczajka, D. Miiller and H. Miinkler, Yangian Bootstrap for Massive
Feynman Integrals, 2010.08552.

[155] F. Loebbert, J. Miczajka, D. Miiller and H. Miinkler, Massive Conformal Symmetry
and Integrability for Feynman Integrals, Phys. Rev. Lett. 125 (2020) 091602
[2005.01735].

[156] T. Ohta, H. Okamura, T. Kimura and K. Hiida, Physically acceptable solution of
einstein’s equation for many-body system, Prog. Theor. Phys. 50 (1973) 492.

[157] A. Isaev, Operator approach to analytical evaluation of Feynman diagrams, Phys.
Atom. Nucl. 71 (2008) 914 [0709.0419].

[158] T. Ohta, H. Okamura, K. Hiida and T. Kimura, Higher order gravitational potential
for many-body system, Prog. Theor. Phys. 51 (1974) 1220.

[159] R. Monteiro and D. O’Connell, The Kinematic Algebra From the Self-Dual Sector,
JHEP 07 (2011) 007 [1105.2565].

[160] A. Brandhuber, G. Chen, H. Johansson, G. Travaglini and C. Wen, Kinematic Hopf
Algebra for Bern-Carrasco-Johansson Numerators in Heavy-Mass Effective Field
Theory and Yang-Mills Theory, Phys. Rev. Lett. 128 (2022) 121601 [2111.15649].

[161] C. Cheung and J. Mangan, Covariant color-kinematics duality, JHEP 11 (2021) 069
[2108.02276].

[162] Z. Bern, C. Cheung, R. Roiban, C.-H. Shen, M.P. Solon and M. Zeng, Scattering
Amplitudes and the Conservative Hamiltonian for Binary Systems at Third
Post-Minkowskian Order, Phys. Rev. Lett. 122 (2019) 201603 [1901.04424].

[163] S. Janson, Roots of polynomials of degrees 3 and 4, 2010.

100


https://doi.org/10.1007/JHEP05(2018)003
https://arxiv.org/abs/1704.01967
https://doi.org/10.1103/PhysRevD.96.121901
https://arxiv.org/abs/1708.00007
https://doi.org/10.1103/PhysRevD.101.066006
https://arxiv.org/abs/1912.05561
https://doi.org/10.1002/prop.2190330802
https://doi.org/10.1007/BF01016805
https://arxiv.org/abs/2010.08552
https://doi.org/10.1103/PhysRevLett.125.091602
https://arxiv.org/abs/2005.01735
https://doi.org/10.1143/PTP.50.492
https://doi.org/10.1134/S1063778808050219
https://doi.org/10.1134/S1063778808050219
https://arxiv.org/abs/0709.0419
https://doi.org/10.1143/PTP.51.1220
https://doi.org/10.1007/JHEP07(2011)007
https://arxiv.org/abs/1105.2565
https://doi.org/10.1103/PhysRevLett.128.121601
https://arxiv.org/abs/2111.15649
https://doi.org/10.1007/JHEP11(2021)069
https://arxiv.org/abs/2108.02276
https://doi.org/10.1103/PhysRevLett.122.201603
https://arxiv.org/abs/1901.04424

	Zusammenfassung
	Abstract
	Publications
	Acknowledgments
	1 Introduction
	1.1 The Double Copy Relation
	1.2 Four-point Example
	1.3 Post-Minkowskian Expansion of Gravity
	1.4 Post-Newtonian Expansion of Gravity
	1.5 Classical Double Copy
	1.6 Worldline formalism

	2 Double Copy of Massive Scalar QCD
	2.1 Amplitudes of Massive Scalar QCD
	2.1.1 Basics of SQCD
	2.1.2 SQCD Amplitudes

	2.2 The Double Copy of Massive Scalar QCD Amplitudes
	2.3 Two-Form-Dilaton-Gravity with Massive Scalars
	2.3.1 Action and Feynman Rules
	2.3.2 Matching to Double Copy Amplitude

	2.4 Further details on the Double Copy Action

	3 Classical Double Copy of Worldline QFT
	3.1 Basics of Worldline Quantum Field Theory
	3.1.1 WQFT of Bi-adjoint scalar, Yang-Mills and Dilaton Gravity
	3.1.2 WQFT Feynman Rules

	3.2 Eikonal Phase and the Double Copy
	3.2.1 Eikonal at Leading Order (LO)
	3.2.2 Eikonal at Next-to-Leading Order (NLO)

	3.3 Radiation and the Double Copy
	3.4 From Amplitude to Eikonal
	3.4.1 From SQCD amplitude and WQFT Eikonal

	3.5 A Comment on the WQFT double copy

	4 Geodesics from Classical Double Copy
	4.1 Conserved Charges and the Double Copy
	4.2 Test Charge in Coulomb-like Background
	4.2.1 Massive Probe
	4.2.2 Massless Probe
	4.2.3 To Schwarzschild Geodesics

	4.3 Test Charge in Spinning Background
	4.3.1 Massive Probe
	4.3.2 Massless Probe
	4.3.3 To Kerr Geodesics

	4.4 Comments on geodesics double copy

	5 Three-body Effective Potential in General Relativity
	5.1 Effective Worldline Action
	5.2 Effective Potential to Second Order Post-Minkowskian
	5.3 The 3 Integral in PM expansion
	5.4 Post-Newtonian Expansion
	5.4.1 1PN Expansion
	5.4.2 Integral bootstrap
	5.4.3 2PN Expansion and the Two Body Limit
	5.4.4 Contribution to 3PN

	5.5 Comments on the three-body problem

	6 Summary and Outlook
	A Circular orbits for the spinning YM potential
	B Derivatives of the 3 Integral in PM expansion
	C Details on 3PN of the three-body potential



